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Abstract. We prove the Zil'ber Trichotomy Principle for all 1-dimensional struc- 
tures which are definable in o-minimal ones. 

On the level of types, we prove the following: Let Ai be an o-minimal structure 
and let A/" be any structure definable in A4. Assume that p is an TV- type which 
is 1-dimensional in the sense of A4. Then, essentially, Af induces on p either a 
trivial ac^AT-geometry, or the structure of a pure (possibly ordered) A/'-definable 
vector space over a division ring, or an A/'-definable o-minimal expansion of a real 
closed field. 

In particular, if A/" is stable and 1-dimensional then the acl geometry is neces- 
sarily locally modular. 

Along the way, we develop a fine intersection theory for definable curves in 
o-minimal structures. 

The present work is a first step in an attempt to classify structures interpretable 
in o-minimal theories. Such structures may be stable (e.g., algebraically closed fields 
of characteristic zero, compact complex manifolds) or unstable (e.g., expansions of 
real closed fields, ordered vectors spaces). The ultimate goal would be to treat in 
some uniform manner all of these examples by exploiting the ambient o-minimal 
environment. 

Definition 0.1. A structure M is definable in an o-minimal structure A4 if it is 
interpretable in the real sorts of ^A (i.e. not in A^^*^). More precisely, the universe of 
Af, call it A^, is an Al-definable set and its atomic relations are certain Al-definable 
subsets of N'^, fe G N. We say that Af is definable of dimension k in Ai if k is the 
minimal possible dimension of such an Al-definable set A^. 

If Af is definable in an o-minimal structure AA, quite a few good properties are 
induced on Af. Here is a partial list: 

(1) Af has the non-independence property, NIP. 

(2) Af is super-rosy of finite Jj-rank, [16] 

(3) There is a bound on uniformly definable families of finite sets in AA and 
therefore also in Af. Said differently, Af eliminates the 3°° quantifier. 

(4) If A/^ is a AA-minimal (i.e. N has no AA-definable infinite subsets of smaller 
Al-dimension) then acl/^ (the algebraic closure in the sense of A^) satisfies 
the exchange property (see [Ej). Combined with (3), this means that A^ is 
a geometric structure (see [Hj for more on geometric structures). 

(5) If AT is stable then it has finite [/-rank, with U{Af) ^ dim;^((A), [7]. 

Let us consider the following setting: Fix AA, a sufficiently saturated o-minimal 
structure with a dense underlying order, and assume that A" is a geometric structure 
definable in Ad. 



*Supported by the EPSRC grant no. EP C52800X 1. 

1 



2 



A. HASSON, A. ONSHUUS, AND PETERZIL 



Our main interest is to extract algebraic information from the geometric structure 
of A^. The idea is to follow Zilber's division of geometric structures M into three 
types: 

Degenerate: a,cl_\f{A) = [J{aclx{a) : a ^ A} for all A C M. 

Linear: Every normal definable family of plane curves in M is 1-dimensional 

(in the sense of A/"), but M is non-degenerate. 
Rich: There exists a normal 2-dimensional (in the sense of TV) definable family 

of plane curves. 

Clearly, degenerate geometries do not allow the existence of infinite definable 
groups, and indeed by compactness not even the existence of type definable ones. 
Therefore there is no point looking for algebraic data in degenerate structures. But 
the Linear/Rich dichotomy has been subject to much research. The underlying the- 
sis, sometimes known as Zilber's Principle, is that linear geometries should arise 
from pure linear structures (e.g a vector space with no additional structure) and 
that in contexts of "topological flavour" rich combinatorial geometries arise from the 
geometry of interpretable fields. 

In the stable case, though not in general true (see [l3]), Zilber's Principle has been 
first proved in |15] for strongly minimal Zariski geometries, and extended later to 
several related contexts. In the o-minimal world a local version of the principle was 
proved in [2Qj . 

A natural conjecture to make in this context is: 

Conjecture If Af is a geometric structure definable in an o-minimal A4 then Zil- 
ber's Principle holds for J\f. In particular, if Af is rich then it interprets a field. 

Note that the above conjectre, if true, will cover some remaining open cases of 
Zilber's original conjecture, for strongly minimal structures interpretable in alge- 
braically closed fields of charateristic zero (See Rabinovich's work [21] on the main 
cases of this question). 

Our present work can be seen as a proof of the above conjecture in the case where 
M is definable in AA and dim_vi(-/V) = 1 (see [SJ and |2l] for the investigation of 
certain cases of definable, stable, two-dimensional structures). First note that if 
is 1-dimensional and definable in AA then every A/'-definable subset of is either 
finite or has dimension one. Thus N itself is an A/'-minimal set and therefore a 
geometric structure. The main bulk of our work goes into proving that if Af is one- 
dimensional, definable in A4, and stable then it cannot be rich. Let us see, in view 
of Zilber's Principle above, why we should indeed expect this to be true: 

Assume that Af is rich, then a field K should be interpretable in Af (if we believe 
the above principle). Because Af is superstable the field K must be algrebraically 
closed, and because it is interpretable in an o-minimal theory it has to be of char- 
acteristic zero. Moreover, if AA expands a real closed field R then K is definably 
isomorphic to the algebraic closure of R and in particular its o-minimal dimen- 
sion is two (for both statements see [H]). It follows ([21]) that K, with all its 
A/'-induced structure, is a pure field and therefore strongly minimal. However, be- 
cause K is interpretable in the geometric structure Af, its strong minimality implies 
that dim_A4(i^) = dim_A4(A^) = 1, a contradiction. (The assumption that A4 expands 
a real closed field can actaully be avoided). 
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The same argument shows, assuming that the conjecture is true: If A/" is a rich 
strongly minimal structure which is interpretable in an o-minimal one then neces- 
sarily dim;vi(A^) = 2. Interestingly, the remaining open cases in proving Zilber's 
conejcture for strongly minimal structures in algebraically closed fields are exactly 
those in which the underlying universe of N is of algebraic dimension bigger than 
one. 

Returning to our present work, after proving that a stable one-dimensional struc- 
ture definable in M. cannot be rich, the analysis of the linear stable case reduces to 
classical structure theorems on 1-based theories of ?7-rank 1. In the unstable case, 
we rely on results from [9j and ^20j to finish our analysis. Taken together, our main 
theorem is: 

Theorem 1. Let M he a 1- dimensional structure definable in an o-minimal one. 
Then one of the following hold: 

(1) M is degenerate. 

(2) M is linear: There exists X C N^'^ such that either X is strongly minimal and 
locally modular (whose N -definable structure arises from a definable vector 
space) or X is an o-minimal group interval, whose J\f -definable structure 
arises from an ordered vector space. 

(3) N is rich and interprets a real closed field. 

Because of the flexibility in patching together any two o-minimal structures into 
a new one, it is clear that on the global level we cannot hope for sharper results. 
To get the more informative statement, our theorem will be formulated in terms of 
certain types in an arbitrary A^-definable structure M . We say that an A/'-type p is 
Ai-l-dimensional if it is contained in some A/'-definable set whose Al-dimension is 
one. Because M has finite Jj-rank, a natural first step in any analysis of such an M 
would be a classification of its Jj-rank 1 types. Here we complete this classification for 
the case when t>-rank minimal types are Al-l-dimensional. The work of [9] suggests 
that for unstable types this classification is not far from being sufficient. For a 
non-algebraic type p £ Si{N) say that: 

Trivial: p is trivial if for every finite set of parameters ^ C A^, and ai, . . . , a„, b \= 

p, if 6 G a,cl_\f{Aai...an) then b G UiLi 8i.clf^{Aai). 
Rich: p is rich if there exist a finite set A, an element b \= p with dimj\f{b/AN) = 

1 and an (almost) normal family T of plane curves, A/'-definable over the set 

A^^, such that { f e T : {b, b) G /} is infinite. 
Linear: p is linear if p is not trivial and not rich. 

Note that the notion of richness is definable in the following sense: If p is rich, 
witnessed by b and a family of curves J^a (over parameters in a) then, because 
dim_^(6/A^a) = 1, there exists an a-definable infinite set Xa containing b such that 
whenever b' G Xg, the pair {b' , b') belongs to infinitely many curves from J^a- We can 
now find a formula 9 £ p such that for all b' \= 9 there exist a tuple a', Ta' and Xa' 
with the same properties. We will say that 9 isolates the richness of p. 

The local version of Theorem [T] is then: 

Theorem 2. Assume that M is a definable structure in an o-minimal M and that 
p is a complete 1 -M.- dimensional M -type over a model Afo QM. Then: 

(1) p is trivial (with respect to adj^f). 
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Or, there exists an N-definahle equivalence relation E with finite classes 
such that one of the following holds: 

(2) p is linear, in which case either 

(a) p/E is a generic type of a strongly minimal M- definable one- dimensional 
group G, and the structure which Af induces on G is locally modular. In 
particular, p is strongly minimal. Or, 

(b) for every a \= p there exists an M -definable ordered group-interval I 
containing a/E. The structure which J\f induces on I is a reduct of an 
ordered vector space over an ordered division ring. 

(3) p is rich: For every a \= p there exists an M-definable real closed field R 
containing a and the structure which J\f induces on R is o-minimal. 

The above statement gives a more precise meaning to Theorem [T] and clearly 
strengthen it. 

The results of this paper are true for J\f definable in arbitrary dense o-minimal 
structures (and by elimination of imaginaries, we may replace "definable" with "in- 
terpretable", if M. expands an o-minimal group). However, in order to keep the 
exposition cleaner, throughout the main part of the work, we will assume that in 
fact A4 expands an o-minimal field. In Appendix B we prove the results to arbitrary 
o-minimal structures. 

The structure of the paper Section 1 is quite technical. In it we develop a fine 
theory of tangency and transversality for curves in definable families. An important 
ingredient in the whole argument turns out to be the theory of limit sets as developed 
by v.d. Dries in [5j and we review it here and in Appendix A. In Section 2 we prove 
that every stable definable 1-dimensional structure is necessarily 1-based. In Section 
3 we prove the main theorem, for structures and for types. As mentioned above, in 
Appendix B we generalise the result from expansions of real closed fields to arbitrary 
o-minimal structures. 

1. Some elements of intersection theory 

In this section we develop elements of intersection theory which will be used in the 
proof of Theorem [H Some parts of this theory were already developed in [20] and 
we will use several results and proofs from that paper. However, the setting there 
allowed us to "trim" the original family of curves as the proof progressed, by working 
locally in regions where the original family is "well-behaved". In the current setting 
this is impossible (because the ordering is not assumed to be definable in M) and 
therefore one needs to develop a finer intersection theory. We mainly concentrate on 
counting the number of intersection points of plane curves. 

Although the treatment of the strongly minimal case will focus on reaching a 
contradiction (from the assumption that the structure is one dimensional and locally 
modular) the results proved in this section are true in any o-minimal structure with a 
family of curves as given below. Some of the results are stated under the assumption 
that the o-minimal structure expands a field. In Appendix B we will show how to 
avoid this assumption. 

1.1. Intersections of two curves. We use the term curve to denote any AA- 
definable one-dimensional set. A plane curve is a curve in M^. 
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Definition 1.1. Given an M-definahle plane curve and p G X , we say that X is C 
at p if X is locally Ai-homeomorphic to an open interval (we also say that p is a 
-point ofX). 

It is not difficult to see that in this case X divides M^, sufficiently close to p, 
into two definably connected components, Wi,W2. Namely, for every sufficiently 
small rectangular neighbourhood W of p, the set W\X has two definably connected 
components, one having the same germ as Wi at p and the other as W2. 

The following definitions come from 2.13 of |20| : 

Definition 1.2. If X and Y are two M-definahle plane curves and p is a -point 
on both, we say that X and Y touch each other at p (see Figure 1 below) if there is 
some rectangular neighbourhood U of p such that U\X has two components Wi,W2 
and either Y nU DWi = $ orYnUnW2 = 0. 



It is easy to see that "touching" is a symmetric relation. If A4 expands a real closed 
field and X and Y are C^-curves then this notion of tangency is stronger than the 
two curves having the same tangent space at p. 

Definition 1.3. Let X and Y be two definable plane curves. Assume that p = 
{xo,yo) £ X nY and that X and Y are graphs of functions, f{x) and g{x), re- 
spectively, near pQ. We say that X Y {X Y) if there is xi > xq such that 
f{x) ^ g{x) (/(x) < g{x)) for all x in the interval (xo,a;i). 

We define X ^~ Y (X -<~ Y) if there exists xi < xq such that for all x £ (xi, xq), 
we have /(x) ^ ^(x) (/(x) < ^(x)). We write X 4p Y (X Y) ii Y 4' X 
{Y X) and X 4+Y {X -<+ Y). 

If X and Y are graphs of functions /(x), g{x), with respect to a definable real 
closed field, and /(xq) = ^(xo), /'(xq) < ^'(xo) then we have X ^pY (see Figure 2) 

Notice that, in the setting above, X and Y touch each other at p if and only one 
of the following holds: 

(i) X 4p Y and X ^+ Y (namely, Y touches X from "below") , or 

(ii) Y 4p X and Y 4+ X {Y touches X from "above"). 

1.2. Normal families of curves. 

Definition 1.4. A definable family of curves T = {Cq : q € Q} in M" is called 
normal if for every qi,q2 € Q, the curves Cg^ and Cq^ intersect in at most finitely 
many points. We say that a normal T has dimension k if dim Q = k. 





Figure 1: 
X touches Y at p 



Figure 2: 
X ^+Y,Y X 
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A family T as above is called almost normal if for every qi & Q there are at 
most finitely many q2 & Q such that Cq^ fl Cq^ is infinite. The dimension of T is by 
definition dim{Q). 

Note that if is almost normal and q & Q is generic, there exists a neighbourhood 
U 3 q such that Cq fl Cg' is finite for all q' G U. If we take U definable over generic 
parameters, then we get by the genericity of q, an open V 3 q such that for all 
qi,q2 € V, Cq^ n Cq^ is finite. Therefore, !Fv '■= {Cq : q G V} is normal. Since the 
results of this section are all local in nature, using the above observation, they are 
all true for almost normal families (with the same proofs). For the sake of clarity, 
the statements are only given for normal families. 

Lemma 1.5. Let T = {Cg : q G Q} be a definable, k-dimensional normal family of 
curves in P C. M", with dimP = 2 and k > 1. Assume that T is definable over A. 

(i) For every (p,q) & P X Q, if p & Cq and dim.{p,q/A) = k + 1 then p and q are 
generic over A in P and Q, respectively, and dim(p/qA) = 1. 

(a) If P ^ M^, p = (xo,yo) and dim_yv( (p, g) = k + l then there exist open intervals 
I and J, around xq and yo, respectively, such that Cq D I x J is the graph of a 
continuous, strictly monotone function. 

Proof, (i) Because for every q E Q we have dim(C5) = 1, it follows that dim.{q/A) = 
k, and hence d\m{p/qA) = 1. Because the intersection of any two Cq is finite we 
have dmiip/A) = 2. 

(ii) Because p is generic in Cq, the curve Cq is the graph of a continuous function fq 
near p (either in x or in y). If this function were locally constant, say as a function of 
X, then, by the genericity of q we would get a dimensional set of fq locally constant 
near xq. Because > 1 we would get an infinite set of q' such that fqi all agree on 
a whole interval, contradicting normality. □ 

When is a fixed family of curves parameterised by Q then we sometimes write 
qi 4p q2 instead of C^^ =4p Cq^ . 

1.3. Nice families of curves. 

Lemma 1.6. Let T = {Cq : g G Q} be a ^-definable two-dimensional normal family 
of curves in P CI M^. Assume that po G Cq^ and that dim^{po,qo/(l)) = 3. Then 
there exist a neighbourhood U xW C. x Q of {po, go) such that for all gi, g2 G 
the curves Cg^ and Cq^ intersect at most once in U and they do not touch each other 
at their point of intersection. 

Proof. Assume that po and go are as above. Then, by possibly shrinking P and Q 
we may assume that for every q € Q the curve Cq C P is the graph of a continuous 
partial function fg from M into M and that fq vary continuously with q. 

Claim 1 For all q ^ qo sufficiently close to go the curve Cg does not touch Cg^ at po. 

Indeed, if the claim fails then there is a 1-dimensional set Q' Q Q containing 
go and definable over generic parameters, such that Cq' touches Cq^ at po for every 
q' G Q' . Because go is generic, by standard dimension considerations, we can obtain a 
definable, one-dimensional set Qp^ such that for any gi, g2 G Qp^, the curves Cg^, Cq^, 
touch each other at pq. Now, by varying po, we may find an open set U containing 
Po and a relatively open Qi Q Q such that for every p G U and every gi,g2 G Qi, 
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if p G Cq^ n then Cq^ and Cq^ touch each other at p. We may assume that U 
and Qi are 0-definable (by choosing them to be definable over sufficiently generic 
and independent parameters). Let us show that this contradicts the fact that Q is 
two-dimensional and !F is normal: 

Let po = {xo,yo) and Qq = {q ^ Qi ■■ fqixo) = yo}. Choose xi > xq generic 
(over all mentioned parameters) and yi = /go(xi) such that {xi,yi) € U. Since yi 
is generic in M over poqo, there are qi,q2 G Qpo such that /gi(xi) < yi < fq^{xi). If 
we now take any q € Qi such that fq{xo) ^ yo then necessarily fq{xi) 7^ yi, for oth- 
erwise the graph of fq will have to cross (and therefore not touch) either Cg^ or Cq^ 
in the interval {xo,xi). By the normality of and the genericity of {xo,yo), {xi,yi) 
there are at most finitely many q & Qi such that both points are in Cq. So there are 
at most finitely many q € Qi such that G Cq^, in contradiction to the fact 

that is two-dimensional. End of Claim 1. 

Claim 2 There is an open U C P and an open W C Q such that for every qi ^ q2 
and for every p G Cq^ f^Cq^ CiW, the curves Cq-^ and Cq^ do not touch each other at p. 

Indeed, by Claim 1 there is a relatively open W C Q such that for every q qo 
in W, if po & CqCi CqQ then Cq and C^q do not touch each other at po- By choosing 
the parameters defining W' sufficiently independent, we may assume that W' is 0- 
definable. By the genericity of go in Qpo , we may find an open C Q, go G TV C W' , 
such that for every q\q" £ W , if po G Cqi n C^/' then the two curves do not touch 
each other at po- Again, we assume that W is 0-definable. Finally, we may use the 
genericity of po to obtain the desired U. End of Claim 2. 

The rest of the proof is extracted from Lemma 4.3 in [20], so we only sketch the 
argument. 

We first may assume that Q C M^. By Claim 2, we may assume that for all p G C/ 
and gi, 52 G Q, if C^^, Cq^ intersect in p G C/ then either qi q2 or q2 qi- 

Using Claim 2 and o-minimal-type dimension arguments, we may find open defin- 
able neighbourhoods W of qo and U of po such that for every p £ U and for every 
qi = {o-i,bi),q2 = (02; ^2) G W such that p G Cg^ n Cgj, we have: qi q2 if and 
only if ai ^ a2. In particular, the -ordering depends only on qi,q2 and not on p. 

We claim that these U and W are the desired neighbourhoods. Indeed, if Cq^ 
and Cq2 intersect more than once in U, for qi,q2 G W, then take two consecutive 
points of intersections pi and p2. Notice that if qi q2 then, because we assumed 
that and Cq^ do not touch each other, we necessarily have q2 =4p2 qi- But this 
contradicts the fact that the -ordering depends only on qi and q2 (and not on 
p). □ 

The following is a variation of a similar definition from |20j . 

Definition 1.7. Let = {Cq : q G Q} be a definable normal family of plane curves, 
all contained in ?7 C M^, where Q is an open subset of M^. We say that .F is a nice 
family if the following hold: 

(i) For every qi,q2 G Q, Cq^ and Cq^ intersect at most once in U. 

(ii) For every q & Q, the curve Cq is the graph of a partial function fq : M ^ M . 

(iii) The partial function F(a, 6, x) which sends (a, b,x) G Q x M to f{a,b) {x) is 
continuous in all variables and strictly monotone in each of its variables. Moreover, 
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in each of the variables, F has the same monotonicity behaviour, as the other two 
variables vary. E.g., if F{ai,bi, — ) is strictly increasing in the last variable, for some 
(ai,6i) G W then for all {a,b) G W, the function F{a,b, — ) is strictly increasing. 

Corollary 1.8. Let T = {Cq : q G Q} he a 0-definable normal family of plane 
curves, where Q is a two-dimensional subset of M^. Assume that po G Cq^, with 
dim_A/l(pO) 9o/0) = 3. Then there is an open neighbourhood U x W of {po,qo) such 
that the family J^u,w = {Cq nU : q G W} is nice. 

Proof. Clause (i) of the definition of a nice family follows from Lemma [L6l while the 
other clauses follow from genericity. □ 

Definition 1.9. Given a nice family of plane curves T = {Cq : q G Q} and a 

definable curve X C we say that X is .7^-bounded at p if there are qi,q2 G Q 
such that p G Cq-^, Cq^ and Cq-^ =4p X Cq^ (see figure) 




C is bounded at p by X and Y 



The following is just Theorem 10.5 from [20]. The proof there uses no more than 
our definition of a nice family. 

Fact 1.10. Let J- be a nice family of curves inU C and let X <^ U be a definable 
curve that is J- -bounded at every point. Ifp is generic in X then there exists a unique 
curve from T which touches X at p. 

In particular, if X = Cq then the only curve from T that touches Cq at p is Cq 
itself. 

Corollary 1.11. Let J- be a two-dimensional normal family of plane curves. Let 
X C be an A-definable curve, p generic in X (over A) and also generic in 
(over %). Then there are at most finitely many curves from T which touch X at p. 

Proof. If there were infinitely many touching curves in J- we could find q £ Q such 
that d\m{p,q/A) = 3 and Cq touches X at p. By 11.51 q is generic in Q over A. By 
Lemma [L8l there is a neighbourhood U xW oi {p,q) such that J^u,w = {{p^q) ^ 
U X W : p G Cq} is nice. Furthermore, we can choose U to be definable over 
independent parameters. It follows from II. lOl that q G dclMiAp), contradiction. □ 

Definition 1.12. Let J- be a normal family of curves and X a definable curve in 
M^. For p a C^-point of X, let us denote by t{X,p) the set of all q £ Q such that 
Cq touches X at p. 
We let 

t{X) = \J{t{X,p) : p a C^ -point of X] C Q. 

We say that X is ^-linear near p if there exist a neighbourhood U of p and q £ Q 
such that for every p' £ U O X , we have t{X,p') = {q}. 
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If ^ is a nice family then X is ^-linear near a generic p if and only if X equals 
near p to some Cq in J^. If T is not assumed to be nice then we just have the "only if" 
direction. Namely, it is possible that Cg G has curves from T (other than itself) 
touching it at in which case X = Cq will not be ^-linear. 

Assume that ^ is a nice family of curves, X is ^-bounded and not .F-linear near 
any of its points. Then for any p G X for which t{X,p) / 0, t{X,p) and p are 
inter-definable in M. over A. In particular, t{X) is a definable 1-dimensional set. By 
corollary 11.111 this would still be true for normal provided that there is no p G X 
such that {q G Q : p G Cq} is two-dimensional. Furthermore, by 11.111 if p G X is 
generic and q G t{X,p) then q is generic in t{X) over A. 

Infinitesimals It is useful for much of what is coming next to introduce the notion 
of infinitesimals: Given p G M", we denote by Up the infinitesimal neighbourhood of 
p, defined as follows: Given M.* an |M|"'"-saturated elementary extension of Ad, Up 
is the intersection of all Al-definable open neighbourhoods of p in AA* . Notice that 
for a = (ai, . . . , Un) G M", we have Ua = x • • • x i/q^ . 

Even though the set I'p is not definable, most of the statements involving Vp 
appearing in this paper can be restated in a first order manner. For example, the 
statement "For every q G the set XnCgPlt'p,, is nonempty" is equivalent to "There 
exist neighbourhoods U of and W of qo such that for all q G W, the set X DCqDU 
is nonempty". 

Lemma 1.13. Let J- be a nice family of plane curves in U CI M^, X C JJ an 
A-definable curve that is J- -bounded. Assume that po X is generic over A, that 
X is not J- -linear near pq and that Cq^ touches X at pq. Let Wi,W2 be the locally 
definably connected components of \ t{X) at qo. 

Then, there is i & {1,2}, such that the following are true: 

(1) Given any q & Wi ni^qQ, the set CqH X D Vp^ is empty. 

(2) Given any q G VFs-j PI fgg, the set CqCi X f] Vp^ contains at least two points. 

Proof. Write po = (xo,yo); Qo = (ooj^o)- As discussed above, qo G t{X) is generic 
over A so in particular it is a C^ point of t{X). Consider the continuous function 
F{a,b,x) = f(a,b){^): as given by the definition of nice families. Without loss of 
generality the domain of F is a product of intervals Ii x I2 x I^, and its range is 
contained in the interval L4. Since po is generic in X, the set X itself is also locally, 
near po, the graph of a function, and without loss of generality we assume it is 
a function of x. Call this function g{x). (If X is not a function of x, then, by 
genericity it is locally of the form x = c; in this case, notice that since T is nice, we 
can interchange the roles of x and y m T and consider it as a family of functions of 

y)- 

There are several cases to consider, but we will handle only one of them (the rest 
can be handled in a similar way). We assume that Cgg touches X from above at pq. 
Namely, for all x near xq, we have fqo{x) ^ g{x). Because po is generic in X and Cq^ 
is the unique touching curve from at po, there is a neighbourhood U of po such 
that for all p G [/ n X, there is a touching curve Cq G to X at p and Cq touches 
X from above there. 

Since go is generic in t{X) over A, we may assume that t{X) is the graph of a 
function in the first variable. 
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Let US assume (by the definition of nice famihes) that F{a,—,x) is strictly in- 
creasing in the second variable, near 60, for all a,x close to ao,XQ, respectively. Fix 
an interval / containing v^o such that for all {a,b) G we have / C dom{fa^b)- It 
follows that for all b > bo and x G I, we have F{ao,b,x) > F{ao,bo, x) > g{x). In 
particular, the curve Ca^fi lies above the curve X in some neighbourhood of po and 
therefore the two curves do not intersect near pQ (see Figure 3, with Cg^ for Cagfe ). 




Figure 3: Figure 4: 

The P universe The Q universe 



Now, as we pointed out above, for all q = {a, b) € t(X) Plz^gp , the curve Cq touches 
X from above at some p € I'po- If 1' — (^)^i) ^ ^go and bi > b then by the same 
argument Cqi fl X n =0. 

So, in the case we just considered, the local component Wi of \ t{X) which 
lies above the curve t{X) satisfies: For all qi G Wi n t'gg, Cq^ n X n t'pQ = (see 
Figures 3,4, with Cq^ for CaobJ. 

Let us consider the local component W2 which lies below t{X). If we take 61 < 60, 
and (ao , ^'i ) € f then 

(1) faofi^Xo) < fao,boixo) = 9{xo)- 

At the same time, by the previous argument there are xi < xq < X2 both in 
i^xo such that faofioixi) > oixi) and fao,boix2) > gix2). Therefore, by continuity 
considerations, if bi is sufficiently close to bo then there 
such that 

(2) faoMi^'i) > 9{x'i) and /ao,fei (4) > 5(4)- 

It follows by continuity from ([T]) and ([2]) that for some x'(,X2 E z^xq we have 

(3) faoMi^i) = 9{x'[) and faoMi^'i) = dix'i)- 

Hence, X and Ca^^bi intersect at least twice in z/p^, for bi < b and close to bo (see, 
again. Figures 3 and 4). 

Repeating the same argument for every q = {a,b) £ t(X) n Ug^ and (a, 61) € Vq^ 
with 61 < 6, we conclude that |Ca,6i fl X n fp^l > 1. □ 

Lemma 1.14. ie^ J- be a nice family. Let X C 6e an A-definable curve, po X 
generic over A. If there is a curve from T that touches X atpo then X is J- -bounded 
near po- 

Proof. Assume that Cq^ touches X at po- By Lemma [1.131 and its proof, there are 
q' arbitrarily close to qo and pi,P2 G i^po such that Cq' ^p^ X and X Cq' . But 
then the two sets 

{p' EX: 3q' Cq' 4p' X} 
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and 

intersect nontrivially. Since these sets are definable just over the parameters 
defining X and and since po is generic in X over these parameters, the sets must 
contain all of X n i/pg, hence X is ^-bounded in a neighbourhood of po- D 

Lemma 1.15. Let T he a nice family of curves, X an A-definable curve, p & X 
generic over A and qq Q. If p ^ Cq^ PI X then one and only one of the following 
holds: 

(i) Cqg touches X at p, or 

(a) For every q € Uq^, we have \Cq fl X| = 1. 

Proof. Notice that by 11.131 clauses (i) and (ii) cannot hold simultaneously. Assume 
that CqQ does not touch X at p. 

Then Cq^ intersects both local components of \ X in Up. By continuity, Cq' 
intersects both components of \ X in Up for all q' G Uq^. By the definable 
connectedness of Cq' (or equivalently, the continuity of the function fqi), every such 
curve Cq' must intersect X in Vp at least once. 

Assume now, towards contradiction, that there exists q € i^q^ such that CqOX Ciiyp 
contains more than one point. We claim that X is .F-bounded near p. There are two 
possibilities to consider: 

(i) Cq touches X at one or more of these points of intersection. In this case, by 
Lemma 11.141 above, X is .F-bounded in some open subset of fp. Because of the 
genericity of p (over the parameters defining J^,X), the curve X is .F-bounded in a 
neighbourhood of p. 

(ii) Cq does not touch X at any of their points of intersection. In this case, as we 
observed before, we can find pi,P2 G i^p such that Cq X and X ^p^ Cq. This 
was already shown to imply that X is .7^-bounded in Vp. 

Since X is ^-bounded, by 11.101 there is a unique q' £ Q such that Cqi touches X 
at p. However, if we now replace Q by a smaller open neighbourhood of qo then the 
above argument shows that X is still .F-bounded near p with respect to the restricted 

and therefore there is still a curve in this family that touches X at p. This curve 
must therefore be Cq^, contradicting the assumption that Cg^ does not touch X at 
p. □ 

The last lemma can be seen as saying that in a nice family of curves, every curve 
that intersects X at a generic point either touches X or is intersects it transversally. 

Lemma 1.16. Let J^o = {Cq : q € Qo}, T\ = {Dq : q G Qi} he two 0-definable 
two-dimensional nice families of plane curves. Let qo,qi be g eneric in Qo, Qi, re- 
spectively, and po £ Cq„ H Dg-^ such that dim_A4(pO) 9o/0) = dim_A4(po; ft/^) = 3. 
Assume that there exists some A-definable curve X such that po is also generic in X 
over A. If Cq^ and Dq^ both touch X at po then Cq^ and Dq^ touch each other atpo, 
and qo and qi are inter- definable over po- 

Proof. Notice that if Cqg and Dq-^ touch X on opposite sides, then they clearly touch 
each other as well (see Figure 5). Assume then that the two curves touch X "from 
above". Because of the genericity of po in X, for every p £ Up^, there is g G Uq^ 
such that Cq touches X from above at p. Similarly to the proof of 11.141 it follows 
that Dq^ is .Fo-bounded near po (see Figure 6). Moreover, even if we shrink Qo to 
a smaller neighbourhood of go, the curve Dq.^ is still .T-Q-bounded with respect to 
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this new family. As in the proof of Lemma [1.151 it follows (using [TTTO]) . that Cq^ 
touches Z?gi at po- {^qi plays the role of X from 11.10]) . By 11.111 (applied to the 




Figure 5: Figure 6: 

Cqp , Dq^ on opposite sides Dq^ is ^o-bounded 



family J^q and the curve Dq^ ) , if the two curves touch each other at po then we have 
qo G dcIx(g'i,]5o)- Similarly, qi G dd{qo,po). □ 

1.4. Normal families and differentiability. Throughout this subsection we as- 
sume that M. expands a real closed field. 

Lemma 1.17. Let {Xt : t G T} be a 0-definable normal family of plane curves, of 
dimension at least 2. Let to gT be generic, X = Xt^,, and po = {xq^i/q) G X generic 
over to. Then X is locally the graph of strictly monotone -function, y = fto{x). 
If d is the derivative of ft^ at xq then dim_A4(d/po) = 1- 

Proof. The first part follows from genericity together with the fact that dim^ T ^ 2 
(otherwise, X could be of the form x = c). As for the second part, if d G dc\M{Po) 
then there is a definable function d{p), defined in a neighbourhood C/q of po, and 
there exists a neighbourhood Tq of to in T, such that for every p G Uq and every Xt 
containing p, with t G Tq, the derivative of Xt at p equals to d{p). 

By the Uniqueness Theorem for differential equations in o-minimal structures (see 
Theorem 2.3 in [TS]), for every Xt, t G Tq, if po £ then Xt and Xt^ coincide in 
some neighbourhood of po. This contradicts normality. □ 

Lemma 1.18. Assume that T = {Cq : q G Q} is a ^-definable two-dimensional 
normal family of plane curves. If po = {xo,yo) is generic in then for all but 
finitely many q (z Q, if po G Cq, then Cq is the graph of a C^ -function y = fq{x) 
near Po. For every such q, fq{xo) and q are inter- definable over po. 

Proof. For p G let Ip = {q G Q : p G Cq] . The first part of the lemma follows 
from the fact that if q is generic in ip^ over po then po is generic in Cq over q (by 

Assume now fq{x) is C^ near xq and that d = fq{xo). If there are infinitely 
many q' G Ip^ such that fqi{xo) = d then first of all there is qo G Ip^ such that 
dim_A/((go/po) = 1 and d = f'q^{xo). Furthermore, because dim_A4(^po) = 1' have 
d G dcl;\4(po)- This contradicts Lemma fl . 1 71 with Cg^ here taken as X. □ 

Definition 1.19. Let X be a definable curve. We say that X has rank k over A if 
there is a an A-definable normal family of curves {Xt : t G T} and to £ T generic 
over A, such that X = Xt^ and dim_A/((T) = k. We say that X has rank k if A = (}>. 
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The following is easy to verify: 

Remark 1.20. The notion of rank is well-defined, even locally. Namely, let X C 
be a definable curve of rank k over A, and U an 74-definable open set with U{^X ^ 0. 
Then for every A-definable normal family of curves {Xt : t G T'}, if there exists t in 
T' such that X fMJ = Xt CiU then dim_A4(T') ^ k. In particular, X nU has also 
rank k over A. 

We can now establish the connection between the differential notion of tangency 
and that of touching curves. 

Theorem 1.21. Let T = {Cg : q G Q} be an ^-definable normal family of plane 
curves of dimension greater than 1. Let X be an A-definable plane curve of rank 
greater than 1, po = (xo,yo) S X generic over A, and d the derivative of the function 
associated to X at xq. 

If Po G Cg„ for ^ Q and if /g^ (a^o) = d (in the notation above) then Cq^^ and X 
touch each other at po and dimj^{pQ, qo/i/}) = 3. 

Proof. We assume that all sets are 0-definable. By ll.51 po is generic in It follows 
from 11.171 that dim;v4('^/po) = 1, and from 11.181 it follows that dim;vi(go/Po) = 1, 
hence dim_A4(poi Qo/S) = 3. 

We may assume now that X is the graph of a -function y = h{x) near xq. By 
Theorem 11.81 we may assume that is a nice family. 

Assume towards contradiction that Cq^ does not touch X at po- Say, we have 
X -<pQ Cgg . It follows from continuity of the family that for every q & Vq^, there is 
X > xo, X G Vxoi such that fq{x) > h{x). By 11.171 we can find g G n Up^ such 
that fq{xo) < d and therefore Cq X. These two last facts, together with the 
continuity of fq, imply that there is x > xq, x G i^^oi such that fq{xQ) = h(xo). In 
particular, \Cq Ci X nup^^l > 1, contradicting 1 1 . 1 5l □ 

1.5. The Duality Theorem. For = {Cq : q G Q} a nice family of curves in 
P C with Q C we let £ = {£p : p G P} be the dual family, defined 
by q & ip <^ p G Cq. It is not hard to see that the monotonicity and continuity 
assumptions in the definition of a nice family imply that for every p G P, either £p 
is empty or dimj^{ip) = 1. Furthermore, because 

gi, 92 e £p^ n <^ pi,P2 G n Cq^, 

for pi p2 we have \£p-^ H ^pjl ^ 1- Finally, notice that if a definable function 
G{x, y, z) is monotone and continuous in each variable separately then it is continuous 
function of all variables. We thus have: 

Claim 1.22. If is a nice family then the dual family C is also nice. 

We can now establish the following duality: 

Theorem 1.23. Assume that J- is a nice family of curves. Let X C M'^ be an 

M-definable curve and let po be a generic point of X such that X is not J- -linear 
near pq. If Cq^ touches X at pq then I p^^ touches t{X) at qo. 

Before proving the theorem, here is an example: 
Example: Let be the family of all affine lines in M^, Ca^b = {y = ax-\-b}. It is easy 
to see that the dual family C is also the family of affine lines. Take X = {y = x'^}. 
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Then t{X) = {{u,v) : v = — n^/4}. Given p = (xq^Xq) G X, the ^-tangent curve at 
p is Cq, where q = {2xo, —Xq). We also have £p = {{u,v) : v = —xqu + x^}. 

The slope of ip equals everywhere to — xq, which is exactly the slope of t{X) at 
q = {2xq, —Xq). Since q clearly belongs to ip it follows that ip is tangent to t{X) at q. 

Proof of theorem. Since po and qo are inter-definable (over the parameters defining 
X), the point qo is generic in t{X) as well. 

Claim The curve ipQ is not equal to the curve t{X) in a neighbourhood of qQ. 

Indeed, notice that if ip^ equals to t{X) in a neighbourhood of go then the same 
is true for all p in a relatively open Xi C X containing po. But then all of these ip 
intersect each other at infinitely many points, contradicting the normality of C. 

Let Wi,W2 be the two local components of \ t{X) at qo. Without loss of 
generality, by Lemma 11.131 for every q £ Wi fl Uq^, we have Cg Pi X n i^p,, = 0. 
However, for every q G ip^^ we clearly have po G Cg fl X fl fp^. Hence, near qo, the 
entire curve ip^ is contained in W2, so ip^ touches t[X) at qo. □ 

Notice that the Duality Theorem implies, in the notation of the theorem, that if 
X is ^-bounded near po then t{X) is ^-bounded near qo (see Lemma ri.l4p . 

Remark After discovering the above duality we found out that it has a classical 
analogue in projective geometry. In that setting a duality exists between an alge- 
braic variety and the variety of all its tangent hyper-planes. See, e.g., [2]. 

We need the following corollary; 

Corollary 1.24. Let T = {Cq : q G Q} be a 0-definahle two dimensional normal 
family of curves in P, where dimP = 2. Assume that qo is generic in Q, and 
X C is an A-definahle curve. Assume thatpo,Pi are generic elements of X and 
that X is not J- -linear near any of them. If dimj^{po, qo /ij}) = 3 and Cqg touches X 
at both Po and pi then pi £ dclMiPo, Qo) (although X is A-definahle!). 

Proof. We may clearly assume that pi ^ dcXj^^qo). By ll.81 we may shrink P and Q, 
and obtain two nice families of curves To = {Cq : q G Qo} and J^i = {Cq : q G Qi}, 
such that C^^ and C^q agree in a neighbourhood of po and similarly, C^^ and Cq^ 
agree in a neighbourhood of po- By choosing J-o and J-i properly we may absorb all 
new parameters and still assume that they are 0-definable. 

By ll.23l the curves ip^^ and ip-^ touch t{X) at qo- We now applv fTTGl to the families 
Cq and Ci (the dual families of and Ti), the points po,Pi and t{X), and conclude 
that Po € dclA^(go,Pi)- □ 

Remarks 

(1) Assume that ^ is a 0-definable normal family of plane curves in P (but 
need not be a nice family), such that its dual family C is also normal. 
Assume also that X C P is a definable curve of rank k > 1, p generic in 
X, CqQ touches X at po and dim(pO)9o/0) = 3. By working locally, we can 
apply Theorem 11.231 and conclude that ip^ touches t{X) at qo. However, in 
this case it is possible that there are finitely many such Cq, all touching X 
at Po, and hence ip^ will touch t{X) at each one of these points q. 



ONE DIMENSIONAL STRUCTURES IN O-MINIMAL THEORIES 



15 



(2) In many of the results in this section we add the extra assumption that 
dim_A4(p, g/0) = 3. This assumption is indeed necessary, as the following 
example shows: 

Let C = {{x,y) £ R'^ : y = y^} and for {a,b) G let Ca,b = C + {a,b). 
The family {Ca,b ■ {a,b) G M^} is normal. If X C is any C^-curve 
then for any pQ = {a,b) G X, the curve Cafi touches X at po, and clearly 
qo = {a,b) G dclx(po)- In this case, if Cab touches X at another point pi 
then it will not be true in general that pi G dcl_A4(po7 Qo) = 'icl_A4(po)- 
Finally, we have: 

Lemma 1.25. Assume that T is a ^-definable nice family of plane curves, param- 
eterised by Q. Let X be a nowhere T-linear t-definable plane curve of rank k > 1 
over A. For every pq X generic over A, t, if Cg^ touches X at po, then there exists 
a neighbourhood W of qo such that t{X) DW is a curve of rank k over A. 

Proof. Because qo is generic in 1" = t{X) and £ is a nice family, there are neigh- 
bourhoods U of Po and W of qo such that p i-^ t{X,p) induces a bijection of X (lU 
and t{X) n W, and moreover, by the Duality Theorem t{t{X n U)) = X nU. 

Recall that X = Xt for the A-definable family {Xt : t G T}, where dim_M{t/A) = 
k, and consider the family {T{Xt nU) : t £ T}. We may assume that for all t G T 
we have T{T{Xt n U)) = XtHU. 

We claim that this last family must be normal. Indeed, if not then there are 
ti,t2£T and an open set Wi<^W such that T[Xt^ n C/) n VFi = T{Xt^ n C/) n VFi. 
If we now apply r to those sets then, by the Duality Theorem we will conclude, for 
some Ui U, that Xt-^ nUi = Xt^ H C/i, contradiction. □ 

1.6. Limit sets and a theorem of v.d. Dries. Somewhat surprisingly, the notion 
of limit sets plays a crucial role in our subsequent counting of intersection points of 
curves. Several different such notions of were studied extensively by v.d. Dries in 
p]. The definition below, which is suitable for an arbitrary o-minimal structure (not 
necessarily over the reals) resembles most that of the Hausdorff limit, but is not 
restrictred to families of compact, or even bounded sets. 

Definition 1.26. Consider a definable set S C M'' x W . For x £ Zi = -KiiS), 
the projection of S on the first k- coordinates, let Sx = {y £ M" : {x,y) G S}. Let 
S = {Sz : z G Zi} be the corresponding family of subsets of M". Given a < b in 
M U {iboo}, and given a definable map 7 : (a, 6) — Zi, we let 5(7) be the set of all 
y G M" such that for every open neighbourhood V of y and for every e G (a, 6), there 
is t £ (a, e) such that (5'^(4) n F) 7^ 0. 

5(7) is called the limit of S along 7(t), as t tends to a. 

Notice that equivalent definitions to the above are given by: y G 5(7) iff for every 
i > a in fa, ^^(j) n f ^ / iff there exists t > a in Ua such that n z^y / 0. 
Here are some easy facts about limit sets: 

(1) If every Sx has dimension k then the dimension of every limit set as above is 
at most k. 

(2) If limj^a7(t) = is a generic point of Zi (over the parameters defining S) 
then 5(7) = cl(S'^o) = 01(5") fl {{zq} x M""). In particular, for any other definable 
7' : {a',b') — > Zi such that limj_>a' 7'(t) = zq, we have 5(7) = <S(7'). 

(3) Assume that X C Zi is a definable one-dimensional set, p G cl{X). Then 
there are finitely many ways to approach p in X (depending on the number of local 
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components of X\{p}). We write S{X,p) for the union of the finitely many possible 
limits sets 5(7) as 7(t) tends to p in X, and call this set the limit set of S along X 
at p. If p is a generic point in X then S{X,p) is just cl(5p). 

The following theorem is due to van den Dries (the complete - unpublished - proof 
of which appears in [5], and is similar to the proof of the analogues theorem in §9 of 

Theorem 1.27. Assume that M. expands a real closed field. Given a definable family 
S as above, the family 

S = {5(7)17 • (o, — > Zi definable } 

is definable in Ai and dim(5) ^ dim Zi . If furthermore all the sets in S are closed 
then dim(5 \5) < dimZi (By dim(5) we mean the smallest possible dimension for 
a set of parameters for S ). 

In this paper we will be using only the first part of the theorem. Since the proof 
does not appear elsewhere, we present in Appendix A, with the author's permission, 
his proof of the theorem. 

1.7. Special points. In this section we assume that T = {Cq : q E Q} is a 0- 
definable two-dimensional normal family of curves in P C M'^ , dimP = 2 (but P is 
not necessarily contained in the plane), such that its dual family C is also normal. 
A few words of explanations are in place regarding these assumptions. 

(1) If !F is an (almost) normal two-dimensional family of curves, its dual family 
need not consist only of curves, i.e. for p G P the set tp of ^-curves through 
p may be 2-dimensional. It is easy to check that by normality the set P : = 
{p G P : dim^p = 2} is finite. Restricting to P \ P, the dual to is also a 
family of curves. 

(2) If is a normal two-dimensional family of curves whose dual is a family of 
curves as well, it is easy to check that the dual is almost normal. However, 
it need not be normal. In the application in Section 2 the family will be 
definable in a strongly minimal structure. We leave it as simple exercise to 
check that in that case replacing p with p/E for an appropriate definable 
equivalence relation E both T and its dual are normal. See also Fact 12.41 

(3) There is no harm assuming that T is only almost normal (whose dual is a 
family of curves), in which case its dual is easily checked to be almost normal 
as well. 

The next definition, which is quite technical, is motivated by the following ar- 
gument: Our ultimate goal is to prove that the existence of an almost normal two- 
dimensional AA-definable family of plane curves contradicts the stability of M. The 
idea is to start with a curve X, and a curve Cqg from touching X at a generic point, 
Pq. By Lemma [1.131 there are curves arbitrarily close to Cq^ which either intersect 
X nowhere near pQ or intersect it twice there. If there were no other intersection 
points of these curve with X, this gap in the number of intersection points with X 
can be seen to contradict stability. However, the problem is that the curves near Cq^ 
might intersect X elsewhere and in order to control the total number of intersection 
points we need to investigate what happens near those points. Such points will be 
called special for {qo,X). 
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Definition 1.28. Let X C P be a definable curve. Given q G Q, a point p G M*^ 
is called special for (q, X) if there exist q' G Vg, and p' G Vp such that p' € X Ci Cqj 
(equivalently, for every neighbourhoods U^V of q,p, respectively, there exist q' G 
U,p' G V, such that G X n Cq'). 

A similar definition can be given even if some of the coordinates of p are taken to 
be ±00 (and tlien 

^+005 ^—00 have an obvious meaning). 

The point p in the above definition can be seen as an asymptotic direction of X, in 
the sense of the family J^, and the curve Cq can be seen as an ".F-asymptote of X at 
p". For example, if is the family of affine lines in R^, given by Ca,b = {y = ax + b}, 
and X is the curve y{x — 1) = 1 then the point p = (1, +cxd) is special for ((0, 1), 
(that is, the curve y = 1 is asymptotic to X at (1, +00)). Indeed, curves of the form 
y = 1 + e will intersect X near +00. 

The following are easy observations concerning special points: 

(1) If p G Cg n X then clearly j3 is a special point for {q,X). 

(2) If p G M*^ is a special point for {q,X) then p G cl(X) C cl(P). However, if 
T is not given continuously, it is possible that p is not in c\{Cq). 

(3) The set of special points for (g, X) is clearly definable. 

(4) If ]9 is a special point for {q-,X) then, by curve selection, there exist an 
interval (a, h) and a definable curve 7 : (a, 6) — > Q tending to g as f tends to 
a, such that p is in the limit set ^(7). In particular, if q is generic in Q then 
p G .^(7) = cl(Cg) (see (2) of the previous section). 

The following lemma established the connection between the notions of a special 
point and that of a limit set: 

Lemma 1.29. Given T and a curve X, the point p is a special point for {q,X) if 
and only if q belongs to the limit set jC{X,p), of the dual family C along X at p (see 
(3) of the previous subsection) 

Proof. By definition, p is special for {q, X) if and only if X n z^p fl Cqi ^ for some 
q' & Vq, if and only if IpiCWq / for some p' G Xf\i'p. Using the remark immediately 
after the definition of limit sets, this is equivalent to q belonging to the limit set of 
C at p, along the curve X. □ 

Lemma 1.30. Letqo be generic in Q and let X C. P be a definable curve not J- -linear 
near any of its points. Then: 

(1) There are at most finitely many points pi, . . . ,Pr (including possibly points 
with coordinates in ±ooJ, which are special for {qo,X). 

(2) There are definable open neighbourhoods Ui, . . . ,Ur ofpi, . . . ,Pr, respectively, 
and an open neighbourhood W of go such that for every q G W , every inter- 
section point of Cq with X is contained in one of the Ui. 

Proof. (1) As was remarked above, if p is special for (go,X) then there is a definable 
curve 7 : (a, 6) Q, tending to go as t tends to a, such that p G = cl(Cg(,). 

Now, if there were infinitely many special points for (go,X) then infinitely many 
of them were already in Cq^ PI X and in particular, Cq^ would equal X in some 
neighbourhood, contradicting our choice of X. 

(2) If the statement failed then, by curve selection, we would get a definable curve 
7 tending to go with points in C'-y(t) H X tending away from p\^. . . ,Pr. By definition. 
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if p is a limit point for the set C^(t) n X then it is a special point for {qQ,X) (some 
of the coordinates of p could be {±cxD}).This would contradict the assumption that 
pi, . . . were all the special points for {qq^X). □ 
The following technical lemma will play a very important role in our subsequent 
proof of the main theorem. 

Lemma 1.31. Let X P he an A-definable curve of rank k > 2, pQ generic in X 
and assume that for qq E Q, the curve Cq^ touches X atpo (here we identify P locally 
with an open set in M'^), and in addition, dim_yK(pO) 9o/0) = 3. If p is a special point 
for {qo,X) then dimj^(p/A) = 1. In particular, p is a generic point of X. 

Proof. As was pointed out above, p £ cl{X) and hence dim_\4{p/A) ^ 1. By 11.61 
we may assume that in a neighbourhood U of po and W of qo, the family is nice. 
Consider t{X n U) and recall that qo is generic in t{X n U) over A (by the Duality 
Theorem) . 

Assume, towards a contradiction, that dim^(p/j4) = 0. Hence, qo is still generic 
in t{X n U) over Ap. As we pointed out in (3) above, qo is in the ^p-definable limit 
set C{X,p). But then there is a neighbourhood Wi ^ W of qo in t{X n U), such 
that every q in t{X (lU) (1 Wi belongs to C{X,p). The set £(X,p) has dimension 
one and therefore t{X n U) equals to C{X,p) in some open set W2 CI Wi. 

The curve C{X,p) is a member of the family of limit sets C, hence by Theorem ll.27l 
its dimension is at most 2. It follows that the rank of C{X,p)r\W2 = T{Xr\U)r\W2 is 
at most 2. However, by ll.251 (after possibly shrinking W2), the rank of r(Xn?7)nW2 
equals that of X, contradicting our assumption that Rank X ^ 2>. □ 

Remark The above lemma implies that, under the same assumptions, a point in 
Fr{X) cannot be special for {qo,X) (see Figure 7). Similarly, it can be shown that 
such special points cannot have ±00 as one of their coordinates. This can be seen 
as saying that a generic tangent curve to X cannot be asymptotic to X at ±00. 




Figure 7: 
A problematic special point 

We will need the following lemma: 

Lemma 1.32. Let T , C, X , po and qo he as in the last lemma. Assume that p is 
a special point for {qo,X) such that dim_M{p/po,Qo) = 1- Then, for all q G f^g, the 
curve Cq intersects X exactly once in Vp. 

Proof. By Lemma fl .311 p is generic in X and by Lemma fl .241 Cq^ does not touch X 
at p. 

The fact that p is a special point for {qo.,X) implies (see (4) after the definition of 
special points) that p is in cl(CqQ). However, since we assume that dim_A4(p/go) = 1, 
p must belong to Cq^. We now apply Lemma fl. 151 to Tu,w for some neighbourhood 
U of p and W of qo, such that J-'u,w is nice. □ 
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2. Stable one dimensional theories in o-minimal structures 

We now return to the original setting of the main theorem. Namely, A4 is an 
o-minimal structure (expanding a real closed field), is definable in ^A such that 
dim_A/((A^) = 1. In this section we treat the case that M is stable. First note that 
by cell decomposition, and the fact that we assume that A4 expands a field, we may 
assume that N is a subset of M (later on, in Appendix B, we will show why this can 
be assumed even without the field assumption) 

We will need the following facts about stable theories interpretable in o-minimal 
structures: 

Fact 2.1. Assume M is a stable structure interpretable in Ai. Then: 

(1) J\f is super stable and its U-rank is at most the o-minimal dimension of N 
(see m)- 

(2) IfU{J\f) = 1 and M is non trivial then R°°{J\f) = 1. If in addition M is non 
locally modular then RM{J\f ) = 1 (see Chapter 2, Corollary 3.3 in |22| ). 

Our goal in this section is to prove; 

Theorem 2.2. If M is stable then the acl-geometry is necessarily locally modular. 

Proof. By the properties above, U{Af) = 1. We assume towards contradiction that 
the ad-geometry is not locally modular. Hence, by the same properties, we may 
assume that M is strongly minimal. Our strategy is to find a strongly minimal field 
definable in Af. This leads to an immediate contradiction since on the one hand, by 
a classical result of Maclntyre's any such field must be algebraically closed (see, e.g. 
|23| ) whereas any strongly minimal field definable in J\f is necessarily 1-dimensional 
in the o-minimal sense and hence it is real closed (see [3]). 

Recall that we use dim;\^ to denote the dimension of tuples and sets in the sense of 
the geometric structure M. Since M is strongly minimal this is the same as Morley 
Rank. 

Non-local modularity of A/" supplies us with a two-dimensional family of AA- definable 
plane curves, to which we intend to apply the results of the previous section. So we 
remind: 

Definition 2.3. A definable (possibly in A^^'^) pseudoplane is given by two sets P, Q, 
together with a definable set F C P x Q, such that the following holds: 

(i) MR(P) = MR(g) = 2. 

(ii) For every q^Q, MR(F(P, q)) = 1 (where F{P, q) = {p e P : {p, q) G F}). 

(iii) For every p S P, MR{F{p, Q)) = 1 (where F(p, Q) = {q & Q : {p, q) € F}). 

(iv) For every qi ^ q2 in Q, F{P, qi) n F{P, ^2) is finite. 

(v) For every pi / p2 in P, P(pi, Q) fl P(p2, Q) is finite. 

Given a pseudoplane as above, p £ P, q G Q , we let Cg = P(P, q) and £p = F{p, Q). 
We also let T denote the family of curves {Cg : q € Q} in P, and let C denote the 
dual family. 

The following can be found in [25j (or see Proposition 1.7 on p. 155 of |22j): 

Fact 2.4. If J\f is any strongly minimal nonlocally modular structure, then a pseu- 
doplane is interpretable in J\f . Moreover, (see, e.g. [11]^, P may be taken to be a 
subset of N"^ (but without EI, we cannot assume at the same time that Q is a subset 
of N"^ as well). 
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Prom now on we work with a fixed such pseudoplane that we assume is inter- 
pretable in Af. Prom the point of view of Ai, the sets P and Q are 2-dimensional 
definable (using Al-definable choice for J\f) sets, with T and its dual C definable as 
well. Clearly, both and C are normal families. We may assume that P, Q and each 
generic curve in and C are of Morley degree 1. We may also assume that P, Q and 
J" are all 0-definable. 

The main stage in defining a field in M is to define a group. This will be achieved 
in two steps. 

Step I Constructing an AA-definable curve X C P of rank k ^ 3, which has a 
sufficiently generic curve from J- touching it at some generic po. 

We fix Po = {xo,yo) an Al-generic point in P. and 3 points: 

P3 = {z2,yo), P2 = {Z2,zi) pi = {xo,Zi), 

such that xo,yo, zi, Z2 are A^-generic and A^-independent in A^, all close to xq (we 
will see later how close we need them further to be). 

We let Qj, i = 0, 1, 2, 3, be the set of all g G Q such that pi & Cg. So, each Qi is 
TV-definable and has dimension (and Morley rank) one. We may assume that each 
Qi has Morley degree one. Por qi £ Qi, q2 ^ Q2 and qs G Q3 we let 

^939291 = O O Cq^ . 

Notice that if qi,q2,q3 is an At-generic and A^-independent sequence with qi G Qi, 
then Po is Al-generic in Cq^q^q^ (over 939291)- Pix X = Cq^q^q^ for such an Al-generic, 
Al-independent sequence of q^. 

Case 1 The rank of X over pi,P2,P3 is smaller than 3. 

In that case, we obtain an AA-definable infinite field. To do this, recall the following 
theorem of Hrushovski's (see, e.g., [l]): 

Fact 2.5. Suppose that M is a strongly minimal structure and there exists is a 
collection of tuples such that MR{gi, §2, g3,bi,b2,b3) = 5 and: 

• MR{gi) = 2 and MR{bi) = I for all 1 ^ i ^ 3. 

• The Qi are pairwise independent but 53 G acl((7i,(72)- 
. MR(5i,6i,62) =MR(52,62,63) = MR(53,6i,63) = 3. 

Then a strongly minimal field is interpretable in M . We call such a collection of 
tuples a field configuration. 

We will show that under the above assumptions we can find a field configuration. 
Note, first, that the rank of X over pi,P2,P3 is at least 2 (because fixing 92,93 we 
obtain, moving 91, a family of the same dimension as Q). So assume that the rank of 
X is precisely 2. In particular this is the rank of °Cqi , i-e. MR(C6(C~^ oCg^)) = 
2. Let X & N he generic over 91,92 and choose qi{x) € Cgj(x) \ acl;\^(x), where 
Cqi{x) := {y : {x,y) G C^J. Let q2^qiix) be any point in {C~^ o CgJ(x) \ aclj\f{x). 
Then 

Q:= {Cb{Cq,),Cb{Cq,),Cb{Cg,oC-'),x,q,{x),q^\i{x)) 

form a field configuration over pi,P2,P3- To see this, note first that MR{Q) = 5 = 
MR(9i,92,x) since all the other element in Q are, by construction, algebraic over 
them The first two bullets in the definition of a field configuration being immediate 
from the construction of Q we only have to check the third condition. But this 
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follows from the fact that x is generic and (e.g.) C^^ is a generic curve through 
(x,gi(x)) whence MK{Cb{Cq^) / {x,qi{x))) = 1. The rest follows in a similar way. As 
we have already said, the existence of a strongly minimal (hence Al-l-dimensional) 
field interpretable in M leads to a contradiction with the stability of CN . 

So we are reduced to: 
Case 2 The rank of X over pi,P2,P3 is at least 3. 

Let R denote the field underlying the structure ^A. Because Po,Pi,P2,P3 are 
generic in X, Cq^, Cq^, Cg^, respectively, the curves are all C^-functions in neighbour- 
hoods of those points. If we take xo,yo, zi, Z2 sufficiently close to each other and 
?i)92)93 sufficiently close to each other then by continuity arguments, the derivative 
of X at po is close to those of the Cq^ at the pi. Therefore, by Lemma 11.181 and 
continuity, we can find qo £ Qq such that C^q has the same derivative as X at the 
point pq. By Theorem 11.211 the curve Cq^ touches X at po, and dimj^{pQ, go/0) = 3. 
End of Step I 

Step II Counting Intersection points of X with .F-curves. 

We now fix the curve X, pq generic in X and Cq^ touching X at po as given by 
Step I. We will investigate the intersection with X of ^-curves close (in Q) to Qq. By 
Lemma 11.301 all intersection points of such curves with X appear near the special 
points for (qQ,X). By the first part of the same lemma, there are at most finitely 
many such special points sq = pq, si, . . . , Sr 

The General Case: All Sj, except sq, have dim_M{si/po,qo) = 1. 

By Lemma 11.301 there exist neighbourhoods W of qo and pairwise-disjoint Ui of 
Si, z = 0, . . . ,r, respectively, such that for every q € W, every intersection point of 
Cq with X is in one of the Ui. Furthermore, by Lemma [1.321 we can choose W and 
the Ui in such a way that for each q € W and i ^ 0, the curve Cq intersects X in U 
exactly once. 

Now, by Lemma [1.131 we can find qi,q2 £ W both AT- generic over all the data, 
such that, after possibly shrinking Uq further, we have Cg-^ H X n Uq = i/} while 

\Cq^ nxnUol > 1. 

It follows that 

\XnCg, \ =r, 

while 

\XnCq2\^r + 2. 
This contradicts the assumption that the Morley degree of Q is 1. 

The Special Case: There exists Sj, i = l,ldots,r such that dimj^{si/poqo) = 0. 
The crucial part of the proof is: 

Lemma 2.6. //, under the above assumptions, dimM{si/po,Qo) = then a group is 
interpretable in N . 

Proof. We still work with the 4 points 

Po = {xQ,yo) , pi = {xQ,zi) , p2 = {z2,zi) , PS = {z2,yo), 
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such that xo,yo, zi, Z2 are Al-generic and Al-independent. As above, we let Qi, 
i = 1,2, 3, be the set of all q. such that pi £ Cq. So, each Qi is A/'-definable and has 
dimension one. We denote elements of Q2 by r, ri , r2 etc. 

For qi G Qi,r G Q2 and ^3 € Q3 we use Cq.^rqi = Cq.^ o C,7^ o Cq-^ as before. 
We denote the composition curves Cq^ o and o Cq^ by Cq^r2 and Cr^q^, 
respectively. 

We fix A^-independent q3,r,qi A4-generic in Qi,Q2,Q3, respectively, and, as 
before, X = Cq^fqn and Cq^ touches X at p^, with dim_A/((pO) Qo/O) = 3. We assume 
also that there is si G P special for {qQ,X) such that si G dcl;\/((poj9o)- By Lemma 
11.311 si is generic in X over the parameters defining X (so si ^ Fr{X)). 

Our goal now is to construct a group configuration in M . First, since 

A.\Ta.M{qi,r,q3/pQ,pi,p2,P3) = 3, 

there are relatively open neighbourhoods Q'^ C Qi , Q'^ C Q2 and C of gi, r, (73 
respectively (definable in TW!!) such that: 

(*) for every gi € Q'^, r € Q'2, qs e Qs, 

if Cgp touches Cq^rqi at then Sl G Cq^rqi 

This can be done because touching is an A^-definable notion and there is a po- 
definable function sending q^ to si. 

We first claim that for ri,r2 G Q2 which are 7V4-independent and A^-generic (over 
all mentioned parameters), the curve Crir2 '■= CriC~^^ (we will use this notation 
whenever ri,r2 G Q2) is in a neighbourhood of {zi,zi): Indeed, because (2:2,-^1) 
is generic in both C^, C^j, it is in both. It is therefore sufficient to see that that 
the germ of Crir2 at {zi,zi) equals the composition of the germ of at (2:2,2:1) 
with the germ of at (21, 22). For that, we need to verify that there is no 22 7^ 22 
such that (22,21) G cl(CrJ ncl(Cr2). 

If such {z2, zi) were in Fr{Cri) then zi would not be generic over the parameters 
defining C^, contradiction. So we may assume that (22; ^i) £ Crj^riCr2, with 22 / 22. 
Since the set {2 : (2,21) G 0^} is finite we have 22,22 G dcl_A4(2i, ri). Because r2 
was chosen to be generic in Q2 over 2i,ri,p2, we get infinitely many r E Q2 such 
that (22, 2i), (22, 2i) G Cr. This contradicts the normality of C. 

We can now describe the idea for the rest of the proof. 

The idea: Generically, we will be able to recognise in M when 6*^1^2 and Cr^r4 have 
the same derivative at (21,21), for ri,r2,r3,r4 G Q2- This is done via the following 
relation: 

Crir2 d-'^^d Cr-^r-i, o,re tangent to each other at (21,21) iff there are qi,qi G Qi and 

QSjQ's £ Q'3 such that the curves Cq^nqi, Cq^r2q[? ^q^r^qi O.'^^d Cq'_^r4q[ O,^^ toUch Cqg at 

Po- 

Indeed, notice that if Cq.^riqi and Cqi^j.^q^ touch C^q at pq = (xo,yo) then in par- 
ticular they have the same derivative at po and therefore Cq^n and Cg^^a also have 
the same derivative at {zi,yo). Similarly, Cgg^j and Cqi^^^ have the same derivative 
at (21, yo)- By composition, it now follows that Crir2 and Cr^n have the same de- 
rivative at (21, 2i). Why is the above relation A/'-definable ? By (*), for independent 
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generic §3 in Q'i-,Q'2^Q'2,, respectively, tangency of Cg^rqi to C^q at po can be 
detected by the fact that si belongs to Cg^rqi- 

Finally, using the fact that there is an underlying real closed field the above tan- 
gency relation will allow us to obtain a group configuration in TV. 

The actual argument : For ri,r2,r3,r4 S Q2 we define the relation 

T{ri,r2,r3.r4) -^^ 

there are qi,q'i G Qi and 93,^3 € Q3 such that 

Sl € Cq^nqi n Cg^r2q[ ^ ^q'^r^qi 1^ Cg'_^r4q[ 

T is clearly definable in M. The main properties of T are: 

Claim 2.7. Denote A := {si,po,pi,p2,P3,qo} then: 

(1) For (ri,r2) and {r^,r/{), each M-generic in Q'2 x Q'2 and sufficiently close 
to f, if the curves Crir2 ^'^c? Cr^^n have the same derivative at {zi,zi) then 
{ri,r2,r3,r4) G T. 

(2) // {ri,r2,r^) is an M-generic triple of elements from Q2 then there exists 
r4 G Q2, r4 G a.c\j^{rir2r^A), such that (ri, r2, rs, G T. 

The proof of (1): Assume that Cnrj ^iid Cr-^^VA have the same derivative at {zi, zi) 
(and the are close to each other). 

Pick 53 G Q2, to be A^-generic over ^i, r2, r3, r4, go and close to 53. Because ri, r3 
are close to each other, the derivatives of Cg^n and Cg^r2 at (^^i, yo) are close to that 
of Cqgf. We can now find qi^q'i G Q'^ such that Cg,^riqi and (^^3^29^ have the same 
derivative at po as X = Cg^rqi does and hence also Cg^ (this is possible by Lemma 
II. isl and continuity arguments in 7V4). By Lemma fl. 2 11 the curve Cg^ touches Cg^nqi 
and Cqg^jgi at po- It follows from (*) that si belongs to both Cg^nqi and Cg^^^gi^. It 
is not hard to see that qi and q'^ are each Al-generic over n, r2, r3, r4, go (because 
each of them is inter-definable with ^3 over the rj and go)- For the same reason, we 
can find ^3 G Q'^ such that the derivative of Cgi^^-iqi at po equals to that of C^g. 

Also, by our assumption on the rj, the curves 

^qi^rxC^.,^Cgi^ and Cg^Cr^C^^Cgi^ 

have the same derivative at po and therefore 

^qi^-rxCg.^Cg^C^.^Cgi_^ and Cg^Cr-^C ^}Cgi^C^^Cgi^ 

have the same derivative at {xq^xq). 

Because Cg^nqi-, Cq^r2q[ ^q's^-iqi all have the same derivative at pq it follows 
from the above that Cgi^r^q'^ has the same derivative as well and therefore, by Lemma 
11.211 it touches Cg^ at po- Hence si G Cqi_^r4q[ and so (ri, r2, r3, r4) G T. 

The proof of (2). We prove: for every generic tuple ri, r2, r3 G Q2 there are finitely 
many (and at least one) r4 such that {ri,r2.,r^,ri) G T. By the strong minimality 
of A/" this is a first order statement. Because Q2 x Q2 x Q2 has Morley degree 1, it is 
sufficient to prove this for any particular AA- generic triple in Q^- This can be done 
similarly to (1). Fix (ri,r2,r3) G Q'2 x Q'2 x Al-generic over A, where the are 
close to r. As in the proof of (1), there is r4 G Q'2 such that Cr^r2 and Cro,rA have the 
same derivative at {zi,zi). Moreover, each pair ri,r2 and r3,r4 is generic, so by (1) 
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we have (ri, r2, rs, S T. Actually, as the argument in (1) shows, to witness this 
we may choose E Q'^ as generic as we wish, and then find the appropriate gi, (?3- 

To finish the proof of (2), we need to show that r4 G aclAr(ri, r2, rs, We first 
prove: 

Claim r4 G &c\j\j-{rir2r^q'iA). 

Indeed, once we choose gs, the family Y = {Cq.^riq : g € Qi} is one-dimensional, 
through po- Notice that si ^ dc\M{po) for otherwise there will be infinitely many 
curves from J- going through pq and si, contradicting the normality of C. Since 
53, ri were chosen generically over A there are at most finitely many curves in the 
family Y which go through both po and si. Hence, qi € &c\j^{riq'iA). Similarly, 
q'l G Si,c\j\f{r2q'iA)^ q'^ € acl_A/(?'3'?i) and hence 53 is also in acl_\f{rir2r3q3A). Finally, 
we may conclude in a a similar fashion that e aclj\f{rir2r3q3A), as needed. 

Assume towards a contradiction that ^ acl_A/(rir2r3^). Then, by the Ex- 
change Principle and the claim above, q^ € acl;v'('^i^2^3^4^) and in particular, 
Q3 £ acl;\/((rir2r3r4^). This contradicts our freedom, as discussed above, to choose 
53 from Q3 to be A^-generic over rir2r3riA. End of (2). 

This finishes the proof of Claim 12.71 and we can now return to the task of finding 
a group configuration in M . 

For r G Q2 l^t d{r) denote the derivative of Cr at {zi^zi). Notice that the 
derivative of Cr^r2 at zi is d{ri) / d{r2) ■ It follows from the properties of T described 
in 12.71 that, for ri,r2,r3 sufficiently close to each other in Q2 and 7W-independent, 
there exists r4 such that d{ri) / d{r2) = d{r3) / d{r4) and £ aclAr('"i'^2'^3^)- 

It is now easy to get a group configuration in M using the (local) group {d{r) : 
r G Q'2}. End of Lemma Ej) □ 

Remark The assumptions of Lemma [2^ are not vacuous. Assume for example that 
at every q € Q, every possible derivative is represented by two different £p through 
q. Given any definable curve Y Q, consider the curve X = t{Y) C M^. Because 
every q € Y has two different i2-tangent curves £p and £p' , the duality Theorem 
implies that Cg is tangent to X at both p and p' . We thus have p' special for {q,X) 
and p' G acl^(p, q). 

We now return to The Special Case, with X,pQ and qo as before. Namely, one of 
the special points for {qQ,X) is in the 7W-definable closure ofpo,qo (over pi,P2,P3)- 
Then, by Lemma [2^ we can interpret a 1-dimensional group inM. Because of strong 
minimality, the group can be assumed to live on A^, at least locally. Namely, we may 
assume now that we have a local 1-dimensional abelian group operation, denoted -|-, 
living on N. 

We now start the process all over again and consider the two families of curves 
obtained by compositions Cq^C~^Cq^ and addition (using the group structure) Cq^ — 
Cq2 + Cq^ of the original Cg . We may assume that we are in the case of Lemma 12.61 
for both families of curves, and then we proceed by defining tangency at {zi,zi) for 
curves of the form Cr^C~^ and of the form Cr^ — Cr^ (subtraction in the sense of the 
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group we just defined). Using the underlying real closed field structure we can now 
obtain a definable 1-dimensional field in J\f, contradicting strong minimality. □ 

3. The Trichotomy Theorem 

Let A/" be a structure definable in an o-minimal structure A4 (with a fixed inter- 
pretation of in Al). A type p in the structure Af is called one dimensional if it 
contains an AA-formula whose A4-dimension is one. 

Notice that the notion of dimension depends on the particular interpretation of 
A/" in A^. E.g., if A/" is a dense linear ordering then it can be interpreted in A^ as a 
subset of M, or as a subset of M^, with the lexicographic ordering. In the first case, 
every nonalgebraic 1-type in M is one dimensional while in the second case, there 
are two dimensional types, but if one fixes two points in the same fibre and then the 
interval between them gives rise to one-dimensional types. 

If p is a one-dimensional type in Af then the restriction of aclj\j-{ ) to the realization 
of p forms a pre-geometry (Exchange holds because it is true in M). 

We will need the following from ^17] : 

Definition 3.1. Let A/" be a dependent theory (i.e. a theory with NIP). A definable 
set X is unstable in M if there exists an AA-formula ip{x, y) defined over N and 
{ai,bi)iQu}, CLi, hi E X, such that N \= ip{ai, bj) iff i < j. If there is no such formula ip 
then X is said to be a stable in M . 

By Corollary 2.6 of [TT], if X is stable set in a structure with NIP then it is stably 
embedded, namely every A^-definable subset of X^ is definable with parameters from 
X. 

Our main tools in the proof will be the Trichotomy Theorem for o-minimal struc- 
tures [20] and the the following result from [9]: 

Theorem 3.2. Let M be a 1-dimensional structure definable in an o-minimal struc- 
ture Ai. For any unstable X C N there exists J\f -definable Xq C and equivalence 
relation E with finite classes such that Xq/E with all its induced N -structure is 
o-minimal. In particular Xq/E is linearly ordered. 

With this in hand we can now prove: 

Theorem 3. Assume that M is a definable structure in an o-minimal M and that 
p is a complete 1-M- dimensional M -type over a model Mq ^Af. Then: 

(1) p is trivial (with respect to aclj\f). 

Or, there exists an Af -definable equivalence relation E with finite classes 
such that one of the following holds: 

(2) p is linear, in which case either 

(a) p/E is a generic type of a strongly minimal Af -definable one- dimensional 
group G, and the structure which Af induces on G is locally modular. In 
particular, p is strongly minimal. Or, 

(b) for every a \= p there exists an Af -definable ordered group-interval I 
containing a/E. The structure which Af induces on I is a reduct of an 
ordered vector space over an ordered division ring. 

(3) p is rich: For every a \= p there exists an Af -definable real closed field R 
containing a and the structure which N induces on R is o-minimal. 
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Proof. Because p is one- dimensional it is contained in an A/'-definable one dimensional 
set X. 

Case 1: X is a stable set in A^. 

It follows (see earlier discussion) that X is stably embedded in A^. In this case, 
we may replace M hy X and assume that Af is one-dimensional and U{J\f) = 1. 
By Theorem 12.21 J\f is necessarily 1-based. It now follows from [lOj that either p is 
trivial or p/E is the generic type of an A/'-definable locally-modular group G, for E 
an A/'-definable finite equivalence relation. 

Because p is one-dimensional, we must have dim_A4(G) = 1 (p is generic in G, 
so every definable subset of G containing p is group-generic in G, namely, finitely 
many group-translates of it cover G. Since dimp = 1 we can find such a set which 
is 1-dimensional). It is left to show that G is strongly minimal. Indeed, if not then 
some infinite co-infinite set y C G is AA-definable. By translating Y to £ G, we 
may assume that lies on the boundaries of both an infinite component of Y and an 
infinite component of G\Y. It is not difficult to see now that the relation x — y £Y 
defines an ordering on a small neighbourhood of 0, contradicting stability. 
Case 2: p is nontrivial and every AA-definable one-dimensional set containing p is 
unstable. 

By the non-triviality of p, we can then find an TV-definable ternary relation R C X^ 
(definable possibly over parameters outside of A'^o), witnessing the non triviality of 
p, such that for every independent a,b \= p there are finitely many c such that 
1= R{a, b, c), and at least one of those c is in p. Moreover, we may assume that the 
projection map of R on any of its two coordinates is finite-to-one, and that the image 
of this projection has dimension 2. By compactness, we may shrink X further so 
that the projection of R onto the first two coordinates equals X'^ modulo possibly a 
definable set of dimension one. 

Because X is unstable we may apply Theorem 13. 2l and find an AA-definable infinite 
set Xq C X and an AA-definable finite equivalence relation E on Xq such that the 
structure which M induces on Xq/E is o-minimal. In order to consider it as a 
structure on its own right we need stable embeddedness. 

By Lemma 2.3 in [20j, every closed interval in an o-minimal structure is stably 
embedded. However, the very same proof there gives a stronger result: If A/1' is an 
o-minimal structure interpretable in a geometric structure M, with dim_^(M') = 1, 
then every closed interval in AA' is stably embedded in M. 

By replacing Xq by a smaller A/'-definable set we may assume that Xq/E is a 
closed interval in an A/'-definable o-minimal structure, hence stably embedded in A^. 
Let Xq denote the induced structure on Xq/E. 

Our goal now is to transfer the o-minimal structure from Xq/E to elements real- 
izing p (note that a-priori we do not know that Xq contains p). We start with a \= p 
and b € Xq independent from o. By our assumptions on R, there exists c such that 
R{a, b, c) and any two of {a, b, c} are inter-algebraic over the third one. We fix c and 
consider the relation R = R{x,y,c). 

The projection of R on the first and second coordinate is finite-to-one and R defines 
a finite-to-finite correspondence between p' = tp{a/c) and tp(b/c). The map a which 
sends {x,y) € R to y/E is finite-to-one from R onto an infinite definable subset of 
Xq. Let P be the projection map of R onto the x-coordinate and for x G /?a~^(Xo), 
let 7(x) = m.inxo{a/3~^ (x)) (the set on the right is finite hence it has a minimum in 
the structure Xq). 
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7 is a finite-to-one map from an infinite definable set Y containing p' onto an 
infinite definable set Z (which we may assume to be a closed interval) in Xq. We 
thus obtain a definable bijection between Y/ for an A/'-definable finite equivalence 
relation ~, and an infinite closed interval in Xq. This bijection allows us to transfer 
the structure which Af induces on Z onto Y/ hence the structure which TV induces 
on Y/ ~ is o-minimal (and stably embedded as well), call it y. The type p' / ~ is 
generic in y. 

By the Trichotomy Theorem for o-minimal structures, we may assume (after pos- 
sibly shrinking Y further) that the structure of 3^ is either trivial, an ordered reduct 
of a group-interval in an ordered vector-space, or an o-minimal expansion of a real 
closed field. 

The non-triviality of p easily implies the non-triviality of p' and therefore of y-. 
Fix ai,a2 \= p' independent and d such that {ai,a2,d) £ R, and define 

(rri, rE2, res) £ R' ^ 3y{xi,X2, y) G -R&(x3, d, y) £ R. 

The relation R' witnesses the non-triviality of p' . 

If p is linear then, by definition, so is p' and therefore 3^ cannot define a real closed 
field (the pull-back of the family of affine lines will contradict linearity) hence 3^ is an 
ordered group interval. If p is rich then there is a definable almost normal family of 
curves such that (a, a) belongs to infinitely many of them (see the discussion following 
the definition of a rich type). In that case 3^ must be an o-minimal expansion of a 
real closed field. □ 



We conclude by pointing out that the statement of the theorem in the unstable case 
cannot be strengthened so that the whole of p is contained in a single o-minimal 
structure: Consider the expansion of the (unordered) group of the reals by a 
predicate for the unit interval. In this theory the ordering is definable on every 
interval of finite length. Take the type q = {x > r : r £ M}. It is not contained in 
any definable ordering, but after fixing b \= q the set 6 < x < 6 -|- 1 is contained in a 
definable o-minimal structure. 

4. Appendix A: A proof of v. d. Dries' Theorem on limit sets 

In this section we give we give a proof of Theorem II. 271 The proof is due to 
v.d. Dries, and relies in parts on [4j, with minor changes intended to make it more 
self-contained. 

We restate the theorem: 

Theorem 4.1. Let M. be an o-minimal expansion of a field, S a definable family of 
definable closed subsets of , parameterised by Z . Let S := {^(7) | 7 : (0, 1) ^ 
Z, definable}. Then S is M.-definable and dim(5 \ 5) < dim5. 

Because of the presence of field, we may assume that all curves in Z are given by 
7 : (0, -|-oo) — > Z . It is not hard to check, using definable choice, that the collection 
{5(7) I 7 : (0, -|-oo) Z} depends only on the class {Sa : a £ X} and not on the 
parameterisation. Hence, we may assume that every set in S appears exactly once 
in the family and in particular dim 5 = dimZ (otherwise re-parameterise, see §3 of 

The proof goes through the theory of tame elementary pairs (see §8 of [4j for 
the details). Recall that for an o-minimal expansion of a real closed field, a 
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tame extension J\f ^ TZ is one in which M is Dedekind complete. The theory of 
tame elementary pairs is the theory of those structures {TZ,M,st) where 7^ is a tame 
extension of M and st : i? ^ is the standard part map. Note that st is defined 
on V, the convex hull of N in R. To simplify the notation, whenever Y Q R we will 
write st(y) for st(y n V). 

The crucial property of the theory of tame pairs is: 

Proposition 4.2. Suppose that (7?.,7V, st) |= Tfame o,nd Y C is definable in 
(7^,7V, st), then Y is definable in N . Moreover, the theory Ttame is complete modulo 
Th{M). 

Prom this we readily get a weaker version of the theorem, one which actually 
suffices for our purposes: 

Lemma 4.3. Let M. be an o-minimal expansion of a field, S a ^-definable family 
of definable subsets of , parameterised by Z. Let S := {^(7) : 7 : (0,+oo) —^ 
Z, definable}. Then S is M.-definable and dim5 = dim5. 

Proof. By replacing S with the family {cl{A) : A £ S} we may assume that all the 
sets in S are closed (it is easy to check that the family of limit sets does not change). 
We may assume that Ai is saturated enough to assure that every M-definable set has 
(in M) a generic point. Let t > M and N = M{t), the prime model over M U {r}. 
Then M is Dedekind complete in and {Af,M.,st) \= Ttame- Let 7 : (0, +00) Z 
be any curve definable over M. It is not hard to verify that 5(7) = stS^f^^-y By 
Proposition 14.21 and by compactness, the definable family {st<Sa : a G Z{N)} is 
Al-definable. Since every a G Z{N) is of the form 7(r) for some A^-definable curve 
7, the definability of 5 in follows. Because every automorphism of ^A leaves S 
invariant and therefore also <S, it follows that S is actually 0-definable. 

Now let Zi he a parameter set for S (so Zi is 0-definable in A4). Again, we 
assume that every set in S is represented exactly once in the family. Let b G Zi{M) 
be generic over 0. There is some 7 : (0, +00) — > Z such that = 5(7) = si S^(^^y 
If 7(r) G then 7 is eventually constant and hence G S. Assume then that 
7(r) ^ M and let V = (7(t)), the model generated by 7(r) over 0. Consider the 
tame pair (P,stP,st). It follows from the completeness part of Proposition W?2\ that 
st5^(,-) = Sy for some h' G Zi(st'P). By our assumption, we must have h' = h. 

Since 7(r) G Z, we have dim(7(r)/0) ^ dim(<S), and therefore 

dim(5) ^ dim(P/0) ^ dim(st7'/0). 

We conclude that dim(6/0) ^ dim(5) therefore dim((S')) = dim(Zi) ^ dim(5). 

□ 

As mentioned above, the previous lemma suffices for our purposes. For the sake of 
completeness, however, we give the proof of v.d. Dries' theorem in its full strength. 
The main part of the proof is the following: 

Lemma 4.4. For S as above, assume that all sets in S are closed and 0^5. Let 
M ~< N ^ R, be such that M, N are Dedekind complete in R, and let st : R ^ N be 
the associated standard part map, V the convex hull of N in R. Let a G Z{R) PI V"' 
be .such that M{a) C V. Then st a G Z{N) and st{Sa{R)) = SstaiN). 

Proof of the lemma. Since M{a) C V the map st |jv/(a) • M{a) ^ N is elementary. 
So sta G Z{N). 
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Consider the function f : Z x M" — > M given by f{z, y) = d{Sz,y) (with d{z, y) = 
\/ z"^ + y'^ and d{S,y) = mf{d{z,y) : z G S}). So for each z & Z the function 
fz{y) '■ f{z,y) is continuous. Hence by §6 (Section 2) of p] there is a partition of Z 
into definable subsets Zi, . . . ,Zk such that each restriction fi\Xi x M" is continuous. 
Restricting Z, this allows us to assume that / is continuous on Z. Let b G Sa{R)r\V^; 
so f{a,b) = 0. Since / is continuous (and sta G Z), we get that /(sta,st6) = 
st /(a, b) = 0. i.e. st 6 G clSgta- Since we assume all the Sz to be closed, this is what 
we wanted. 

Conversely, if c G Ssta we have that stc = c and therefore /(sta, stc) = 0. 
Reversing the above argument, we get that f{a,b) is infinitesimal. By the definition 
of / this means that d{b,c) (computed in R) is infinitesimal for some b G Sa{R)- 
Thus, c = st6 G Sa{R)j as desired. 

□ 

The rest of the proof is a rehash to what we did in Lemma 14.31 By Proposition 
14.21 the set 5 \ 5 is Al-definable, and denote the corresponding parameter set Z' . 
It's enough to show that dimZ' < dimZ. We take M ~< J\f ^ TZ as in the previous 
lemma, and denote stM : R M, st : R N the corresponding standard part 
maps. As inthe proof of Lemma [4?3l we obtain: 

{Sh-.be Z'{M)} = StM Sa\{Sa:ae Z{M)} 

Since [TZ, M.,st]\j) = {TZ,M,st) we also get 

{Sb-.be Z'{N)} = stSa\{Sa:a(£ Z{N)} 

By the previous lemma, if 6 G Z'{N) is generic and a G Z{R) is such that 
St Sa{R) = Sb{N), it cannot be that M{a) C V. Thus, dim(st M(a)/M) < dim(a/M), 
and since b was arbitrary, the desired result follows exactly as in the proof of Lemma 
KM 

5. Appendix B: The general o-minimal case 

In this appendix we adapt the main results of this paper to the general o-minimal 
context (i.e. removing the assumption that Ai expands a real closed field). Prom 
the proof of the results in Section [3] it is clear that we only need concern ourselves 
with the proof of Theorem 12.21 

In the first part of this appendix we will prove two important technical facts for A/" 
strongly minimal, 1-dimensional and definable in a sufficiently saturated o-minimal 
structure ^A: 

• Af has finitely many non-orthogonality classes (in the o-minimal sense). 

• A4 has definable choice for A//-definable subsets of . 

The second part of the appendix uses these two facts to overcome the main obstacle 
in the generalisation of 12.21 Lemma ll.Sll This lemma relies heavily on v.d. Dries' 
Theorem on limit sets (ll.27p . which is only known to be true in expansions of real 
closed fields. 

Finally, we will go systematically through all places where the existence of a field 
was used, and explain briefly how to avoid it. 

Throughout this section M will be a 1-dimensional structure definable in a densely 
ordered o-minimal Ai . It seems plausible that a further generalisation of the theorem 
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to the case where N is only interpretable in M. can be achieved, but this will definitely 
require more work. 

Claim 5.1. Without loss of generality, N is a dense subset of M . 

Proof. Since dim_A/i = 1 it is a finite union of 1-cells and 0-cells (in for some 
k). Note that removing finitely many points cannot alter the truth of Theorem 12.21 
and therefore neither of Theorem [2] and Theorem [H Hence we may assume that 
is given by a union of 1-cells only. Each 1-cell is definably homeomorphic to an 
interval in M and therefore inherits an ordering. Thus each 1-cell, with its induced 
structure from M. can be viewed as an o-minimal structure on its own. We now 
take the disjoint union of the 1-cells of A^, ordering them together arbitrarily, so 
that each cell is an open interval in this ordering. We add endpoints between these 
intervals and obtain an o-minimal structure M.\ such that A'^, without its 0-cells, is 
a definable dense subset of M.' . We can now replace M. by M' . □ 

5.1. Non-orthogonality and definable choice. Since we can no longer assume 
that M. has elimination of imaginaries, and as the work throughout the paper was 
carried out in M. (and not in M-'^'^) we should be careful when using AA-interpretable 
subsets - as these will not, a priori, be definable in Ad. Recall: 

Definition 5.2. A theory T has weak elimination of imaginaries if for every M \=T 
and e € M^'> there are ai, . . . , € M such that e € dcl(ai, . . . , a„) and Oj G acl(e) 
for all 1 ^ i ^ n. 

It is fairly easy to check (See, e.g., [12]) that: 

Lemma 5.3. Assume T is strongly minimal and acl(0) is infinite then T has weak 
elimination of imaginaries. 

Hence, by adding constants to M we may assume that it has weak EI. 

Definition 5.4. Let M be an o-minimal structure. 01,02 G M are non-orthogonal 
if there exists a continuous monotone definable bijection f : la^ ^ for some open 
intervals 9 ai sending oi to 02 (see more in [2Q|). 

If 5 C M is a definable set and a & M any element, we say that b JL a for 
every b ^ S, uniformly in b, if there exists a definable family of definable functions 
F : — > M such that for all x G 5 the function fx{y) '■= F{x,y) witnesses that 
X / a. 

The notion of (non) orthogonality plays an important role in following arguments. 
The key observation, which makes everything else work is: 

Lemma 5.5. If J\f is non-locally modular then there exists a £ M such that a JL b 
uniformly inb (in the o-minimal sense, obviously) for allb ^ M outside a finite set. 

Proof. Choose a & M generic (in the o-minimal sense). By weak EI we can find T an 
almost normal 2-dimensional family of A/^-definable plane curves, as provided by non 
local modularity (see Fact 12. 4p . Hence for b G M, o-minimally generic over a, the 
point (a, b) is generic on a generic ^-curve through (a, 6), implying that such a curve 
is, locally near (a, b), the graph of a continuous monotone function with /(a) = 6, so 
alb. 
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Consider now the set S" of all 6 G such that there is no ^-line through (a, b) 
which is locally near {a, b) the graph of a continuous monotone function. This is an 
o-minimally definable set, and by what we have just shown, it must be finite. □ 

Remark 5.6. The above lemma seems to remain true under the weaker assumption 
that M is non-trivial. In that case, if Af is locally modular, use the fact that there 
exists an AA-definable equivalence relation E with finite classes such that N/E is a 
co-finite set in a strongly minimal abelian group. 

The following is easy: 

Lemma 5.7. // AA has finitely many non-orthogonality classes then M. does not 
have a generic trivial type. 

Proof. Assume that e G M is a generic trivial point. Let / 9 e be a closed interval 
such that every point in / is trivial (see, e.g., the introduction to |20j). We claim that 
every a, 6 G I that are independent must be orthogonal to each other. Indeed, if not 
then there is a definable, continuous, strictly monotone function / sending a to b. It 
follows that for every b' near b there is, uniformly in 6', a definable fab' witnessing the 
non-orthogonality of a and b' . It follows that b is nonorthogonal, uniformly, to every 
element in some neighbourhood of it. It is not difficult to see that this contradicts 
the triviality of b. □ 

We can now prove that M. has definable choice: 

Lemma 5.8. If Af is strongly minimal and non-trivial (and we still assume that N 
is a dense subset of M) then Ai has definable Skolem functions. I.e. for every M- 
definable formula (p{x,y) there is an M-definahle function fip such that 3y(p{x,y) — > 
ip{x,f^{x)). 

Proof. Since M \ is finite, it is enough to consider definable subsets of N'^. By 
cell decomposition, we only need to consider cells, and therefore, it suffices to prove 
that given a z-definable interval Iz we can find a z-definable point in Iz. 

IfAf is locally modular, then since it is non-trivial there are an AA-definable vector 
space V, a finite equivalence relation E on N and a definable injection / : N/E — > V 
(see, |25j) whose image is co-finite in V. By [Gj, A4 has definable choice for definable 
subsets of V, this gives an element zq G /(/) and we take z = min{/^^(zo)} G /. 

So we may assume that M is not locally modular. Let (c, d) C be any interval. 
We show that we can choose a point e G (c, d) uniformly in c, d. Combining the 
previous lemma with Lemma 15.71 for all but finitely x G N there exists, uniformly 
in X, an interval Ix on which a group-interval (not a group!) is defined. If c,d are 
not both of the finitely many exceptional points, there is (without loss) an interval 
Ic 9 c as above, lid ^ cl{Ic) then setting e := sup/c G (c, d) we are done. Otherwise 
{c,d) C I^ and we can set e = {c+c d)/c'^c (in the sense of the local group defined 
on Ic) if d < sup/c or c +c Ic otherwise. Since the number of exceptional points, 
and hence the number of intervals with exceptional end-points, is finite, this gives 
us definable choice for sub intervals in A^. □ 

5.2. Limit sets in structures without fields. Our next task is to slightly refine 
the notion of non-orthogonality in o-minimal structures. 

Definition 5.9. Let A4 be an o-minimal (saturated enough) structure, a, 6 G M U 
{iboo}. We say that a+ / 6+ if there exist intervals 1^ '■= {a,a^), I^ '■= {b,bf:) 
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and a definable (with parameters) continuous monotone bijection f : ^ (so 
lim^^a f{t) = b)). For Sj G {+) — } we define analogously, a^^ JL and / ±00. 

Consider the structure M.^ consisting of M with all its structure, as well as a 
new sort M± = (M U {±c5o}) x {+, -} and the projection vr : M± ^ M U {±00}. 
The relation a^^ / is an equivalence relation on the elements of M x {+,—}, so 
we can define: 

Definition 5.10. A complete set of representatives of the non-orthogonality classes 
of M.^ is a subset of M.^ in which every nonorthogonality class is represented. 

Definition 5.11. Assume that M. is o-minimal and every a, h outside a finite set F 
are non-orthogonal to each other, uniformly in a, b. For the purposes of this note, 
we call such M. uniformly unidimensional. 

Lemma 5.12. Let M. he uniformly unidimensional, then M has at most finitely 
many trivial points. 

Proof. This is immediate from 15.71 □ 

Note that by the previous lemma and (the proof of) Lemma [53] a uniformly uni- 
dimensional structure A4 has definable choice. Moreover, uniformly unidimensional 
structures have curve selection for non-degenerate points. More precisely, if 5 C 
is a definable set and q := {qi,...,qr) € dS is such that qi ^ F, then there are 
a < b ^ M and a definable curve 7 : (a, 6) ^ S" such that limt^al{t) = Q- 

Definition 5.13. Let Ai be uniformly unidimensional. a E Af is degenerate if one 
of a^,a~ is not in the generic non-orthogonality class of M.. 

A few clarifications may be in place: 
Remark 

(1) If A4 has finitely many non-orthogonality classes so does Ai^. The converse is 
true as well: Let {a^\ . . . be a set of representatives of the non-orthogonality 
classes of Ai^. For b ^ M define the non-orthogonality type of b to be the pair {i, k) 
(1 ^ i,j ^ k) such that b'^ JL a^* and b~ JL a? . It will be enough to show that if 6, d 
have the same non-orthogonality type, they are non-orthogonal in the usual sense, 
which is a simple exercise in concatenation and composition of monotone functions. 

(2) The number of non-orthogonality classes, when finite, depends only on Th{M). 
Indeed, assume that {af ,...,4'=} is a complete set of representatives of the non- 
orthogonality classes of ^A. Because of the saturation of A4 the type stating that 

& M is orthogonal to each of the a^' is inconsistent. It follows that, uniformly in 
a, every is nonorthogonal to one of the and similarly for a~ . By quantifying 
over the we get in every model ^Ao of Th{M) fc-many non-orthogonality classes 
in Mq. 

(3) It is possible that o^^ and are non-orthogonal to each other, while a is a degen- 
erate point and 6 is a non-degenerate point. For example, consider (R; <, +|(M>o)^). 
We have O"*" / r for every positive r but is a degenerate point. 

Fix M., a uniformly unidimensioinal structure. 

We now start our treatment of limit sets in M.. Let F'^ = {a^ , . . . , a^* } be the set 
of representatives of non-orthogonality classes in M.^ which are orthogonal to c"*" for 
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a fixed generic c. In particular, U {c+} is a complete set of such representatives. 
We let F = {ai, . . . , afc}. Clearly, F C dclA^(0). 

Recall that in the case of o- minimal expansions of fields, given a definable family 
of definable sets S, with parameter set Zi, the limit family S was defined as {5(7) : 
7 : (0, 1) —I- Z\ definable}. In the presence of more than one non-orthogonality class 
not all definable curves 7 with image in Z\ can have the same domain. In uniformly 
unidimensional structures, we handle separately limits along curves 7 : (a, 6) — > Z\ 
with a+ degenerate and those curves for which a"*" is non-degenerate. Clearly, we 
can handle similarly curves 7 : (6, a) — > Z\ and a~ . 

Finally, it may happen that for some curve 7 the limit set 5(7) is finite. To avoid 
unpleasant technicalities, and since in the application we will always be interested 
solely in limit sets that are infinite, we will restrict ourselves to those. We start with 
the former case: 

Lemma 5.14. Let M he he as ahove, S an almost normal family of definahle curves 
with parameter set Z\, and 7 : (a, 6) Z\ a definahle curve, G . Assume that 
the limit set 5(7) is infinite and let x = {xi, . . . he a generic element in S{j). 
Then there exists some i such that Xi G dcl(0) . In particular, hy genericity x\ = xi 
for all a;' € 5(7) n ?7 for some open U 3 x. 

Proof. As before we may assume that all the curves in S are closed (after moving 
to the family of closures we still have an almost normal family). Assume that the 
lemma fails. Then for some generic x G ^(7) all coordinates are non-orthogonal to 
some generic c G M. Since c is not trivial, there is, by the Trichotomy Theorem, 
a group interval defined around c. Pulling back this group structure to x (on each 
coordinate separately) we may assume that x lives in an expansion of a group interval. 
In particular, there is a definable family of open sets Ur 9 x, with r ^ M such 
that lim^^c Ur = {x} (the existence of this family is our only use of the group 
structure near x). Since x G <S(7), for every r there exists t{r) G (a, 6) such that 
n 7^ 0- Since a+ G F, it cannot be that t{r) — > a as r — > c. Therefore, 
linir^ct{r) = ao > a. It follows that x G 'S'-y(ap). But this is impossible: we can 
repeat the process, finding a < ... < a„ < ... < oi < ao with x G ^^(^(a.)) for all i, i.e. 
X is in infinitely many of the 'S'^(t), so without loss, it appears in all of them (because 
this is a 1-dimensional family). Since we can repeat this for infinitely many x's in 
Sy - this would contradict the normality of 5. □ 

For 7 : (a, b) — > a definable curve, we say that 7 is of rank k over A if the 
image of the interval (a, b) under 7 is a curve of rank k over A. 

From now one we also assume: Every generic type in M is rich, namely it 
is contained in an A^-definable real closed field. 

Lemma 5.15. Let Ai he as ahove. Let 7 = (71,72) : {a,b) be a definahle 

curve, with a'^ ^ F^. If j is of rank k ^ 3 over A then there are open intervals 
Ii,l2 Q M such that: 

(i) For some a < bi < b, the curve 7(0, bi) is contained in Ii x I2; 

(a) /i,/2 are definahle over B ^ A and the rank of ^\{a,bi) over B is still k. 

(Hi) /i,/2 are definahly isomorphic to some open intervals in a definahle real closed 

field R. 

Proof. Since 7 has rank k over A, there exists an A-definable almost normal family 
of curves X = {X^ : d G .D}, such that 7(0,6) = X^i for some generic d E D, and 
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dim{D) = k. We first note that for every generic x = (xi, X2) G Xd, we have xi,X2 ^ 
dcl(0). Indeed, otherwise Xd would be locally the graph of a constant function 
and hence, in some M^-neighbourhood of x, the family X will be 1-dimensional, 
contradicting the fact that X is almost normal and of rank at least 3. 

Let {pi,P2) G {M U {±00})^ be the limit of 7(t) as t tends to a. Because of our 
last remark, the functions 71, 72 are nowhere constant hence for some €1,62 G {±} we 
have = limt^a7i(*) and p^^ = limt^a72{t) (by = lim(_,a7i(t) we mean 

that 7(t) tends to p from above (below)). To simplify notation, let us assume that 
ei = e2 = +. Since ^ F'^ , it is nonorthogonal to c+, for our fixed generic c. Let 
R denote a fixed definable real closed field such that c € R. 

There are now several cases to consider: 
Case 1 pi,p2 € dcl(0). 

We consider intervals Ii = (pi,p'i), h = (^2,^2)) forp'i)P2 generic and independent 
from d over A. By choosing bi sufficiently small, we have 7(0,61) h- Because 

71,72 witness the fact that Pi,P2 / hi h are definably isomorphic to open 
intervals in the field R. 
Case 2 pi,p2 ^ dcl(0). 

In this case, pi and p2 are nonorthogonal to c and therefore each is contained in a 
definable real closed field. We can then find open intervals Ii 3 pi,l2 3 P2, definable 
over generic parameters which are independent from d over A, such that each Ij is 
contained in a definable real closed field. Because all generic points are uniformly 
non-orthogonal to each other, the two intervals are definably isomorphic to intervals 
in R. 

Case 3pi£ dcl(0) while p2 ^ dcl(0). 

In this case, we take Ii = {pi,p'i) and I2 an interval containing p2 and proceed as 
before. We handle similarly the symmetric fourth case. □ 

Lemma 5.16. Let A4 be as above. Let S be a definable two-dimensional almost 
normal family of curves, all contained in a two dimensional set Q, and having a 
parameter set P C M^. Let : {a,b) ^ P be a definable curve of rank fc ^ 3. 

Assume that S-y is infinite. If q is a generic element in S{'-f), with dim(g) = 2 
then there exists an open neighbourhood U of q such that the rank 0/5(7) is at 
most 2. 

Proof. By Lemma 15.141 ^ for otherwise we will have dim(g) ^ 1 . 

If p = limt^a 7(t) then, by Lemma 15.151 there exists h\ G (o, 6) and an open 
rectangular box V = Ii x I2 such that 7(0,61) C V, and V is definably isomorphic 
to an open rectangular box in a definable real closed field R. Moreover, the rank 
of 7|(o,6i) over all parameters is still k ^ 3. Assume that 7(0,61) = X^ for X in 
a definable family of curves X = {X^' ■ d' G D}. Then, after possibly shrinking D 
(but still with dim(D) = k, we may assume that for every d' G D the curve Xd' is 
contained in V. 

Because dim(g) = 2, we may assume that q = {qi,q2) G M^, where ^1,^2 are 
nonorthogonal to c. Hence, there exists an open rectangular box U = Ji x J2 3 q 
such that Ji, J2 are definably isomorphic to open intervals in the field R. 

We can now restrict ourselves to S{U, V) = {Sp' PI C/ : G V}. Because U, V are 
definably isomorphic to open rectangular boxes in the field R, we may assume that 
S{U,V) and every limit set of this family are definable in R. We can now apply 
Theorem 11.271 and conclude that the family of all possible limit sets for the family 
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S{U,V) is definable of dimension at most 2. The limit curve 5(7) n U belongs to 
this family and therefore its rank is at most 2. □ 

Finally, we can prove Lemma [1.311 without the field assumption. We formulate it 
here again: 

Lemma 5.17. For M. uniformly unidimensional, let T he an almost normal family 
of plane curves parameterised by Q, X P an A-definable curve of rank k > 2, 
Po £ X generic and assume that for qo € Q, the curve Cg^ touches X at po (here we 
identify P locally with an open set in M"^), and in addition, dim(po> ^o/^) = 3. If p 
is a special point for {qQ,X) then dim(p/^) = 1. In particular, p is a generic point 
ofX. 

Proof. As was pointed out earlier on, p G c\{X) and hence dim(p/A) ^ 1. By 11.61 
we may assume that in a neighbourhood U of po and V of go, the family is nice. 
Consider t[X n U) and recall that qo is generic in t[X n U) over A (by the Duality 
Theorem) . 

Assume, towards a contradiction, that d\m.{p/A) = 0. Hence, go is still generic 
in t{X n U) over Ap. As was pointed out in clause (3) of the discussion following 
Definition 11.281 it follows that go is in the ^p-definable limit set C{X,p). But then, 
by the genericity of go over pA, there exists a neighbourhood Vi C y of go, such that 
t{X n [/) n Vi = C{X,p) nVi. in particular, jC{X,p) is infinite. 

The limit set C{X,p) can also be written as £(7) with 7 : (a, 6) — > P a curve of 
rank k > 2 over A (7 determines a branch of X which contains p in its frontier). By 
Lemma [5.141 there exists an open neighbourhood V' of go, such that C{'j) n V' has 
rank at most 2 over A. Without loss of generality, V = V\ and therefore the rank 
of t{X n [/) n Vi over A is at most 2. However, since the rank of X over j4 is /c > 2, 
then the rank of X n C/ is A: as well and, by Lemma fl. 251 the rank of t{X n f7) fl 
is k as well (see ll.20|l . contradiction. □ 

5.3. Some extra details. In this final subsection, we explain - claim by claim - how 
to avoid any use we made of the ambient field structure on A^. As already noted, 
the proof of Theorem [3] relies on results of the first sections of this paper only in the 
treatment of the stable case, and does not otherwise rely on expanding a field. 
It will suffice therefore to show that Theorem 12.21 as well is true independently of 
the field assumption. Therefore, throughout this section we will assume that is a 
strongly minimal non-locally modular structure definable in an arbitrary o-minimal 
structure M.. 

The following lemma shows that under these (a posteriori inconsistent) assump- 
tions fields are (locally) definable in M: 

Lemma 5.18. Let M. be an o-minimal structure, N a 1-dimensional non-locally 
modular strongly minimal set definable in M. such that N is dense in M . Then M. 
is uniformly unidimensional and every generic type in M is rich. 

Proof. We already established that M. is uniformly unidimensional (Lemma 15.51 and 
Lemma 15. 8|) . 

Adding constants, we may assume that J\f has weak EI. The non-local modularity 
of A/" gives rise to a 2-dimensional family of plane curves in M (and hence in Al) . Such 
a family cannot be definable in trivial structures or in ordered vector spaces, hence 
by the Trichotomy Theorem for o-minimal structures a real closed field R is definable 
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in A4. By the unidimensionality of A4 every generic type in A4 is nonorthogonal to 
a generic type in R. □ 

Prom the last lemma it follows that all the results of Sections [T] and [2] which uses 
the field structure only in a local way transfer to the present context. Here are some 
examples: 

(1) In Lemma n .171 The fact that X is a graph of a C^-function is meaningless 
without the existence of an ambient field. But since we are interested in 
the result only locally near a generic point po = {xq^i/q) G X this can be 
solved as follows. Since xq, yo € N are generic in A4 they are non-orthogonal 
to each other and each has an A^-definable real closed field containing it. 
By non-orthogonality there exist closed (and non-trivial) Al-intervals Ii 3 
xo,l2 3 2/0) which are definably homeomorphic to each other. We may assume 
that /i,/2 are definably homeomorphic to open intervals in the same field R. 
Hence, differentiation can be take with respect to that field structure. Note, 
also, that by stable embeddedness, X n Ii x /2 is definable, locally near po 
using only parameters from 7i UI2. Thus, the lemma clearly remains true in 
this new formulation. 

(2) Lemma fl. 181 Again, we use the fact that xo,yo are nonorthogonal to generic 
elements in the same real closed field. 

(3) The two lemmas discussed above are crucial to prove Theorem 11.211 where 
the assumptions are only meaningful in the presence of an ambient field, but 
whose conclusion is independent of that field. Thus, we can reformulate the 
theorem as follows: Let he a 0-definable (almost) normal family of plane 
curves of dimension greater than 1. Let X be an ^-definable plane curve of 
rank greater than 1, po = (xo,yo) £ X generic in over A. Endow 0-definable 
neighbourhoods of xq and yo with a similar field structure, as above, and 
let d be the derivative - with respect to that field structure - of the function 
associated to X at xq. If po G Cg^ for qo G Q and if /^^(a^o) = d, then Cg^ 
and X touch each other at po and dim_A/((po, 9o/0) = 3. 

This covers, all occurrences of the field structure in Section [H We now turn to 
Section M 

(1) The construction of the curve X, depends only on the 7\A-structure and so 
causes no problem. We have to make sure, however, that there exists a curve 
from the family T which touches X at a generic point. This follows, essen- 
tially, from the version of Theorem 11.211 we just formulated above. However, 
an alternative approach is also possible. Note that in the construction, we 
only need the points zi, Z2,xo,yQ to be independent generics. By choosing 
them all very close to each other, and restricting our attention to a small 
interval containing them all, we may in fact assume (using stable embedded- 
ness, as usual) that in that part of the proof we are working in an expansion 
of a field. 

(2) Since we checked that the results of Section [T] go through, the proof of The- 
orem [22] in the first case, (the "general case") needs no alteration. As for the 
second part (the "special case"), we note that the argument is only concerned 
with what is going on near (in the o- minimal sense) the point pq. Thus 
choosing zi, Z2,xo,yo as suggested above, will assure that the argument will 
need no alteration. 
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